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Abstract: We consider a geometric inverse problems associated with interior 
measurements: Assume that on a closed Riemannian manifold (M, h) we 
can make measurements of the point values of the heat kernel on some open 
subset U C M. Can these measurements be used to determine the whole 
manifold M and metric h on it? In this paper we analyze the stability of 
this reconstruction in a class of n- dimensional manifolds which may collapse 
to lower dimensions. In the Euclidean space, stability results for inverse 
problems for partial differential operators need considerations of operators 
with non-smooth coefficients. Indeed, operators with smooth coefficients can 
approximate those with non-smooth ones. For geometric inverse problems, we 
can encounter a similar phenomenon: to understand stability of the solution 
of inverse problems for smooth manifolds, we should study the question of 
uniqueness for the limiting non-smooth case. Moreover, it is well-known, 
that a sequence of smooth n-dimensional manifolds can collapse to a non- 
smooth space of lower dimension. To analyze the stability of inverse problem 
in a class of smooth manifolds with bounded sectional curvature and diameter, 
we study properties of the spaces which occur as limits of smooth collapsing 
manifolds and study the uniqueness of the inverse problems on the class of 
the limit spaces. Combining these, we obtain stability results for inverse 
problems in the class of smooth manifolds with bounded sectional curvature 
and diameter. 
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1 Introduction 

In classical inverse problems one wants to show that physical measurements 
can be used to determine coefficients of various partial differential equations 
modeling macroscopic and microscopic phenomena. Examples of these are 
the paradigm problems, the inverse problem for conductivity equation or 
inverse scattering problem for Schrodinger operator [4, 13, 39, 48, 49, 50, 59]. 
In these problems the structure of the underlying (Euclidean) space is a 
priori known before measurements. Recently many inverse problems have 
been generalized to invariant settings, for cases where the underlying space 
is not a priori known but is assumed to be a Riemannian manifold. The given 
measurements can be either measurements on the boundary of this manifold 
(if the boundary is non-empty) or in an interior subdomain of the manifold. 

In this paper we consider the inverse problems associated with interior mea- 
surements: Assume that on a closed Riemannian manifold (M, h) we can 
make measurements on some open subset U C M. Can these measurements 
be used to determine the whole manifold M and metric h on it? In this pa- 
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per we analyse the stability of this reconstruction in a class of n-dimensional 
manifolds which may collapse to lower dimensions. In Euclidian space, sta- 
bility results for inverse problems for partial differential operators need con- 
siderations of operators with non-smooth coefficients. Indeed, operators with 
smooth coefficients can approximate those with non-smooth ones. Moreover, 
the study of inverse problems in the Euclidian space has led, in the case of 
very non-smooth metrics, to the counterexamples where even the change of 
the topology of the domain is not observed in the measurements [32]. These, 
in turn, have led to some engineering applications in the emerging field of 
transformation optics and invisibility cloaking [33, 34, 35]. From the point of 
view of stability, it is clear that, approaching an invisibility limit, we can not 
expect any stability of the inverse problem for the smooth case. For geomet- 
ric inverse problems, we can encounter a similar phenomenon: to understand 
stability of the solution of inverse problems for smooth manifolds, we should 
study the question of uniqueness for the limiting non-smooth case. More- 
over, it is well-known, see e.g. [36], that a sequence of smooth n-dimensional 
manifolds can collapse to a non-smooth space of lower dimension. Thus, a 
similar phenomenon of invisibility can occur in geometric inverse problems. 
Therefore, an extra care should be taken to formulate conditions on a class 
of Riemannian manifolds which, on one hand, would allow for substantial 
generality, i.e. for a collapse to lower dimensions, and, on the other hand, 
would avoid invisible limits. In particular, to analyse stability in a desired 
class of smooth manifolds, one should study uniqueness of inverse problems 
in the spaces which occur as limits of these collapsed manifolds. Also, as ex- 
plained in Appendix A, the study of inverse problems on collapsed manifolds 
is encountered in various models of the modern physics. 



1.1 Inverse problem on a closed manifold 

Let (M, h) be a closed, compact, connected Riemannian manifold without 
boundary. First, we assume that the manifold has C°°-smooth coordinates 
and C°°-smooth metric tensor, h. We denote by dV = dV h its Riemannian 
volume, and by djiM its normalised probability measure. 

a dVh m 

d » M = Vol(M) ' (1) 

where Vol(M) is the Riemannian volume of (M,h). In the future, we deal 
with pointed Riemannian manifolds (M,p) and typically skip in our notations 
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indications of the metric tensor h, denoting the Riemannian manifold by 
(M,p, fx M ) or often (M,p), or just M. 

Let A M be the Laplacian on (M, h) which, in local coordinates on M, takes 
the form 

A M u := {hl-^djdh^h^dku), \h\=det(h jk ),j,k = l,...,n. (2) 

Consider the heat kernel, H(x,y,t) = H(x,y,t), associated to this operator, 

(d t -A M )H(-,y,t) = onMxR + , H(-,y,0) = 8 v , (3) 

where 5 y is the normalized Dirac delta-distribution, f M 6 y (x)<f>(x) d/iM^) = 
(j)(y) for e C°°(M). 

In the following we assume that we are given the values of the heat kernel at 
points {z a : a = 1, 2, ... } which form a dense set in a ball B = Bm{p, r) of 
(M,p), having center at p and radius r > 0. To this end, we define pointwise 
heat data PHD = PHD(M,p) to be the collection of the following ordered 
sequences 

PHD = {#a,/3/}~ W= i, Hajj = H(z a , Zp, t t ), (4) 

where (te)^ is a dense set of R + = (0, oo). Let us emphasize that the 
mutual relations of the measurement points z a , e.g. the distances between 
these points, their position with regard to p, as well as p itself, are not a 
priori known. 

Let (M,p) and (M',p') be two smooth Riemannian manifolds. We say that 
their PHD, {H aM }™ M=1 , {H' aM }™ M=1 are equivalent if 

H a ,p,e = H' a p e , for all a, p, t = 1, ... . (5) 
We consider the following generalization of the Gel'fand inverse problem, [29] 

Problem 1.1 Let PHD of two smooth, compact, connected Riemannian man- 
ifolds (M,p) and (M',p') coincide, i.e. satisfy (5). Are these manifolds iso- 
metric? 

The positive answer to this question is given in [40, 41, 44], see also. Our plan 
is to analyse the stability of the solution of this problem using the Boundary 
Control method, see e.g. [5, 46, 41]. 
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We work in the class TlDJlp = WlWl p (A,D,n) of pointed closed Riemannian 
manifolds (M,p, /i M ), satisfying 

\R(M)\ < A 2 , diam (M) < D, dim(M) = n, (6) 

where R(M) is the sectional curvature on M. For example, all flat tori 
S 1 x S}, where 5* is a circle of radius e and S 1 = Sj, endowed with their 
standard metric, satisfy the above conditions. In the following, we denote by 
d>M(x,y) the distance between x and y on M and say that a set A C M is 
5-dense in B C M, or a <5-net in B if, for any y £ B, there is rr G A such 
that d,M{x,y) < 5. Our aim is to prove the following stability theorem for 
the solution of inverse problem (1.1). 

Theorem 1.2 Let r, A, D > 0, n G Z + . Let 93T9Jt p fre a c/ass of pointed 
Riemannian manifolds (M,p,/im) defined by condition (6), i.e. having di- 
mension n with sectional curvature bounded by A (from above and below) and 
diameter bounded by D. 

Then, there exists an increasing function ui{s) = W( r ,A,D,n)(s); 

u : [0, 1) ->■ [0,oo), limw(s)=0, (7) 

s— »0 

with the following properties: 

Assume that (M,p,fi M ), (M',p',ii M >) G WlDJl p . Let {z a }% =1 C M, {z' a }% =1 C 
M' &e 5-nets in B(p,r), B'(p',r), correspondingly, and {t{\f =1 be a 5-net in 
(<5, S^ 1 ), where N = N(S), L = L(S). Assume also that 

\H(z a , Zfrtfi-H'iz'a, 4,t,)| < 5, 1 < aj < N, 1 < I < L, (8) 

where H, H' are the heat kernels on M, M' , correspondingly. 
Then 

d pmGH ((M,p,fi M ), (M',p',/iM')) <u(6)- (9) 

Here d pm GH{M, M') stands for the pointed measured Gromov-Hausdorff dis- 
tance between(compact) pointed metric-measure spaces. Namely, we say 
that dpmGH(M, M') < e, if there are measurable maps ip : M — > M' and 
ip' : M' ->■ M such that, 
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(i) for any x,y G M, x',y' G M', 



d M '(ip(x), ip(y)) - d M (x,y)\ < e, d M >(ip(p),p') < s, 
d M (i>'(x'),i/>'(y')) -d M '{x',y')\ < e, d M {^'{p'),p) < e. 



(10) 



(ii) for all Borel sets Ac M and A' C M', 



^- 1 (A'))<// / ((A') £ )+£, 



^m-'iA^K^+s, (11) 



where A £ denotes the e-neighborhood of A; A 6 := {x G M : di^(x, A) < 
e} and similar for (A') £ , and we abbreviate /i = fx m , fj,' = hm>- 

As measuring the values of physical quantities at a point may be difficult, 
we make the following remark on the result of Theorem 1.2: 

Remark 1.3 The point values of the heat kernels in (8) of Theorem 1.2 can 
be replaced by the condition 



is the heat kernel averaged over small balls, and H' a/3£ are defined similarly 
on (M',p',fi'). From the physical point of view this means that, instead of 
the point values the heat kernel, it is enough to observe the total amount of 
heat inside small balls near the measurement points z a . 

The proof of Theorem 1.2 is based on considering the inverse problem on 
SOTOJtp. This is the closure, in the pointed measured GH topology, of the 
moduli space 97KDT P defined by (6). The structure of the pointed metric- 
measure spaces (X,p) G WVDJl p was studied in [23]- [25]. It was shown that 
DJlWlp consists of stratified Riemannian manifolds of dimension d = n—k, k > 
0, where k is called the dimension of collapse. Note that X = X reg U X smg , 
where the regular part, X reg is a rf-dimensional Riemannian manifold with 
C^-metric hx (for the smoothness of h x , as well as the density function p x 



\H al3e - H' ape \ <5 for all 1 < a, (5 < N, 1 < £ < L. 
Here, for the manifold (M,p, //), 



(12) 



J B M (z a ,e)xB M (zf,,e) 

Ha = ^M(B M (z a ,e)), = fi M (B M (zp, e)) 
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introduced later, see [24] and also [38] and section 3 and Appendix B below.) 
The space X is equipped with a probability measure 

^ X = Px Vofx)' ^( XSm9 ) = °> 

where p x > is C 2 -smooth. An elliptic operator, naturally associated with 
(X,p,/i x ) is the weighted Laplacian, A X - In local coordinates on X reg , 

AxU = J^F^ ( PxM ' 2 **£f) ' 

cf.(2). It was shown in [24] with further ramifications in [38] and section 
5 and Appendix C, that the pointed measured GH-convergence in 9Jt97t p 
implies the spectral convergence. In particular, see Theorem 5.17 below, 
if d pmG H(M e , X) ->■ 0, for M £ G WlDJl p , then, the heat kernels H e on M e 
converge, in a proper sense, to the heat kernel H on X, i.e. the "direct" 
spectral problem on 9Jt97t p is continuos with respect to the pointed measured 
GH convergence. Moreover, it is shown in section 6 that the local PHD 
uniquely determine the metric- measure structure of X. Then, the stability 
Theorem 1.2 follows from this uniqueness and the continuity of the direct 
problem by the standard compactness-type arguments, see section 7. 

We illustrate the nature of the pointed measured GH convergence and its 
relation to the spectral convergence by the following example: 

Example 1.4 [24] Let (M CT = S 1 x S 1 ,^) be a torus, identified with the 
square [—1, l] 2 with boundaries glued together and local coordinates (y, z) G 
(— 1, l) 2 with p a = O. The warped product-type metric tensor h a on M a is 
defined by 

ds 2 = dy 2 + a 2 c 2 (y)dz 2 , c(y) > 0. (13) 

Consider the eigenvalues, AJ, counting multiplicity, and the corresponding 
normalised eigenfunctions, <j)j(y,z), of the Laplacians, A CT := Am», 

(A a + AJ)0J(y, z) = 0, <\>1)l\m°^) = 6 jk , fi a = fi M °- 

Due to (13), for each j there are m = m(j) G Z and £ = £(j) G Z + such that 

^(y^) = e im *$Ui/)» 
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where (y) satisfy 

with S = S 1 , djis = c(y) dy and A J = \° m - For m = the eigenvalues A£ =: 
A^ are independent of a and the corresponding eigenfunctions 3>J (y, z) =: 
$e(y) are independent of a and z. For m^O 

2 

A£ m >^mmc- 2 (y). 

Thus, as cr — > 0, all the eigenvalues corresponding tom^O tend to oo. By 
re-ordering for each a the eigenvalues AJ, j = 1, 2, . . . , in the increasing order, 

we see that, for any j — 1, . . . , AJ — > Xj and the corresponding eigenfunctions 

4>j(y,z) converge pointwise to $,-(y). 

Let H a ((y, z), (y 1 , z'),t) be the heat kernels of (M a , and H(y, y', t) be the 
heat kernel of (S,fis))- Then, 

]imH°((y,z),(y',z'),t)=H(y,y',t) 
for all (y, z), (y 1 , z') G M and t > 0. 

Next, for any n G Z+, we choose iV = jV(ra) points of form (y a ,z™), a = 
1,...,N, which form a (l/n)-net in M 1//n , while te, £ = 1, • • • , L, L = L(n), 
form a 1/n-net on (1/n, n). Then PHD of (M 1//n , /i 1 /™) tend, as n — )■ oo, to 
PHD of (S, /is) in the sense, that 

lim \H 1/n ((y a ,z2), (yp,Zg), t e ) - H(y a , y p , t t )\ = 

uniformly with respect to a, j3 G {1, . . . , iV}, £ = {1, . . . L}. 

Note that Theorem 1.2 is of a global nature providing the uniform rate of 
the metric-measure convergence on OJtOJlp. When dealing with a local con- 
vergence, in a neighborhood of a given manifold M G 371S0T P , it is possible 
to obtain more precise information about the structure of spaces which are 
close to M. Namely, we have the following result 
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Corollary 1.5 Let (M,p,fj, M ) G VJlDJlp. There is 5m > such that, if 
(M' ,p f , (J,m') £ OJlOJtp satisfies conditions of Theorem 1.2 with 5 < 5m in 
(8), then M' is - diffeomorphic to M. 

Moreover, taking this diffeomorphism between M and M' to be identity, for 
any a < 1, 



Note that to compare, in C l,a (M), the metric tensors Hm and Km 1 we should 
use proper, e.g. harmonic, coordinates [1], [2]. 

1.2 Inverse problem for orbifolds 

Corollary 1.5 shows that it is sometimes possible to obtain more information 
about the nature of the convergence than given by Theorem 1.2. In particu- 
lar, if we know a priori that the dimension of collapse is at most 1, then the 
limiting space X is, at worst, an orbifold. This result follows implicitly from 
[26], see also Corollary 2.4. 

Let us recall the basic definitions regarding Riemannian orbifolds, see e.g. 
[63], Ch. 13 and also [55], where the notion of the orbifold, called V-manifold 
was introduced, [17], where the Riemannian structure on orbifolds was con- 
sidered and [20] for further study of the spectral properties of its Laplacian. 
We say that a topological (metric) space (X,p) is a (Riemannian) orbifold 
of dimension d, if any point x G X has a neighborhood U such that 

(i) there is a map n : U — > U, where U = B(r) C l rf is a ball, with respect 
to some metric h, of radius r > centered at origin O; 

(ii) there is a finite group G(x) C 0(d) acting on U, such that 



g *(h) = h, ir(0)=x, ir(gox') = ir(x') for x' G U, g G G(x); (15) 



II^M' — ^A/Hc 1 '" < ^(8), where cu a (5) — > as 5 — > 0. 



(14) 



(iii) 



the metric h and h are related by 



h = 7c*(h). 



(16) 
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Note that the Riemannian metric tensor h on X is defined on X re9 , where 
X re ° = {x E X : G(x) = Id}. 

In this case, we say that n : U — > U is a uniformising cover at x. Later in the 
text we refer to U as a coordinate chart and (xi, . . . , Xj) G U as coordinates 
near x. 

We can consider X as a metric space by endowing it with a distance function 
dx such that, for any x G X and uniformising cover n : U — > U at x, if 
2/2 G 7r _1 (i?(a;, r)) with small r, then 

dx(yi,y 2 )=_ min c%(t7i,t7 2 ). 

J/iSTT 1 (j/ i ),Z=l,2 

Then X is a locally compact and complete length space, and thus is a geodesic 
space, that is, all its points can be connected by a length minimizing curve. 

As explained in subsection 1.1, when considering the pointed measured GH- 
convergence in 37t9Jl p which gives rise to a 1-dimensional collapse, the result- 
ing Riemannian orbifolds are endowed with a C^-smooth density function 
px- Note that in this case the density function can be lifted to uniformising 
cover. Namely, for a coordinate chart U at x G X, there exists a density 
function pjj on U so that 

Pu = n *(Pu)> 9*{pu) = Pui for 9 G G(x). 

Due to the extra group structure at singular points, when speaking about 
Riemannian orbifolds with measure, one can introduce the notion of isomor- 
phism of orbifolds going back to [55]. Namely, two orbifolds (X,p,p) and 
(X',p',fi') are isomorphic with isomorphism $, if $ : X — > X' is a homeo- 
morphism with the following properties: 

1. $(p) =p'- 

2. for any x G X and x' = G X' there are neighborhoods U and 
U' with a uniformizing cover n : U — > U and a metric h on U and a 
uniformizing cover n' : U' — >■ [/' and a metric /i' on [/', such that 

(i) $([/) = C/'; 

(ii) there exists a Riemannian isometry $:[/—>■ U'; 
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(iii) there exists an isomorphism $ x : G(x) — > G'(x'), where the group 
G(x) C 0(d) corresponds to x, and the group G'(x') C 0(d) 
corresponds to x'; 

(iv) the following equations hold true: 

$ o 7r = 7r' o $ on [/, o x) = $(#) o $(x) for x £ U. 

Clearly that, similar to the manifold case, we can define PHD for C^-smooth 
Riemannian orbifolds with measure. Here C^-smoothness means that, in 
proper coordinates on any uniformising chart U, the metric tensor h and 
the density function p are C^-smooth on U fl -K~ l (X reg ). Then we have the 
following generalization of the Gel'fand inverse problem: 

Problem 1.6 Let PHD of two Cl -smooth, compact, connected Riemannian 
orbiolds with measure (X,p,p) and (X',p',p f ) coincide, i.e. satisfy (5). Are 
these orbifolds isomorphic? 

Note that, since any Riemannian manifold equipped with its Riemannian 
probability measure is an orbifold with p — 1 Problem 1.6 is a generalization 
of Problem 1.1. 

Theorem 1.7 Let (X,p,p), OX = 0, and (X' , p' , //), dX' = 0, be two C^- 
smooth Riemannian orbifolds with measure. Then, if PHD for X is equivalent 
to PHD for X' , in the sense of (5), then (X,p,p) and (X',p',fi') are isometric 
(as metric spaces) with an isometry <3> : X — > X' , such that &(z a ) — z' a , a — 
1, . . . , M, $(p) = p' and = h, $*(//) = p. 

Moreover, (X,p,p) and (X',p',p') are isomorphic with $ being an isomor- 
phism. 

Remark 1.8 We formulate Theorem 1.7 only for C^-smooth orbifolds with- 
out boundary. However, the result remains valid if we assume that h, h! are 
C^-smooth while p, p' are C 0,1 -smooth. 

To apply Theorem 1.7 to study stability of inverse problems on smooth man- 
ifolds, we should formulate the conditions which guarantees that the col- 
lapse is, at most, 1-dimensional and gives rise to an orientable Riemannian 
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orbifold. To analyse the dimensionality of collapse, we introduce the class 
of pointed Riemannian manifolds (M,p), Wlk = ffllk, p (n, A, D; cq), where 
A, D > 0, n G Z+, k G Z + U {0}, k < n. The class 97tfc iP is identified by 
condition (6) and 

fi M (B h (x,r)) < c r n ~ k , for some x G M, < r < Cq 1 . (18) 

Note that we use the notation Wlk, P rather than WWJlk, p when we are inter- 
ested in the pointed GH-convergence defined by (10) rather than the pointed 
measured GH-convergence defined by (10), (11). 

Lemma 1.9 Let a sequence (Mj,pj) in Wlk, p (n, A, D; c ) GH-converge to a 
pointed space (X,p). Then dimX > n — k. 

Together with Corollaries 2.4 and 2.7, Theorem 1.7 and Lemma 1.9 give rise 
to the following result: 

Corollary 1.10 There exists 5o = 5o(r,A,D,n,co) such that, if (M,p, /j,m) 
and (M' ,p' , (j, M >) from 9JT97t n _i iP satisfy (8) with 5 < 5 , then 

i. either M and M' are diffeomorphic, 

ii. or M and M' are S 1 -Seifert fibrebundles on isomorphic orbifolds X and 
X'. 

We complete this subsection with an example illustrating collapse to an orb- 
ifold and structure of the singular points on it. 

Example 1.11 For e > let M £ be a 3-dimensional Riemannian manifold 
of the following form: We start with a cylinder § 2 x [0, e], where S 2 is the 2- 
dimensional unit sphere with canonical metric. Assuming S 2 C M 3 , we define 
the action of the group Z m , m G Z + , by 27r/m-rotations around the z-axis. 
We then identify points (x, 0) G S> 2 x {0} with ( e ( 2 W m ) o x, e) G S 2 x {e}, 
where e ( 27rl / m ) o x stands for the rotation by 27r/m, to obtain M £ . Note that 
this gives rise to the closed vertical geodesies of the length me except for the 
points, corresponding to the north, N, and south, S, poles of S> 2 which give 
rise to the closed vertical geodesies of length e. When e — > 0, M £ collapse to 
a 2-dimensional Riemannian orbifold X which has to singular conic points, 
N and S with G(N) = G(S) = Z m . 
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1.3 Plan of the exposition 



The paper consists of two parts plus three Appendices. Part I, Sec. 2- 
Sec. 7, deals with the proof of Theorem 1.2 and related topics. Sec. 2 
is of the expository nature. Namely, we review, in a somehow modified 
form appropriate for our purposes, Fukaya's results on the measured GH 
convergence of Riemannian manifolds and provide some further results in 
this direction. In Sec. 3 we show that, if X G TlVJlp, then its density 
function p G C%(X). This improves on the earlier results in [24] and [38]. 
Note that our proof differs from that in the above papers as it is based 
on the analysis of smoothness of transformation groups into the scale of 
Zygmund-type function. In turn, this requires an extension of the classical 
Montgomery-Zippin results, [47], which is done in Appendix B. Sec. 4 is of 
an auxiliary nature. Here we prove various results concerning the behavior of 
spectrum, eigenfunctions and heat kernels on 9Jt97t p and analyse the spectral 
information contained in PHD. In Sec. 5 we continue to study the spectral 
behavior on 9Jt9Jt p obtaining some uniform estimates for the eigenfunctions 
and heat kernels and prove the spectral convergence of the corresponding 
weighted Laplacians with respect to the pointed measured GH-convergence. 
Some auxiliary results dealing with the relations between the Laplacians on 
M and its frame bundle TM as well as the corresponding structures on 
X G yjlDJlp are considered in Appendix C. In Sec. 6, extending the geometric 
BC-method, see e.g. [41], to WlVJlp we show that PHD of any X G Tim p 
uniquely determine its metric-measure structure. At last, Sec. 7 is devoted 
to the proof of Theorem 1.2. 

Part II, Sec. 8 - Sec. 9 is related to the proof of Theorem 1.7. Namely, in 
Sec. 8 we study the relation between the volume growth condition (18) and 
dimensionality of collapse. At last, Sec. 9 explains how, in the case of an 
orientable Riemannian orbifold with measure, its metric-measure structure 
determines its isomorphy-type. Moreover, since our proof works also for 
the orbifolds with boundary, Theorem 9.1 deals with this more general case. 
Appendix A provides a brief overview on the use of collapsing manifolds in 
physics, in particular, that to the orbifolds. 
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Part I 



General case 

2 Basic results in the theory of collapsing 

For given n G Z + and A, D > 0, VJl p (n, A,D) stands for the class of n- 
dimensional closed pointed Riemannian manifolds M satisfying 

\R(M)\ < A 2 , diam(M) < D, 

where R(M) and diam(M) stand for the sectional curvature and the diameter 
of the manifold (M, h). 

The structure of collapsing in the moduli space Wl p (n, A, D) was extensively 
studied by Fukaya ([25], [24], [26]). In this section, we mainly review some 
of them reformulating them for the case of pointed manifolds. 

2.1 Basic propeties of the limit spaces 

It is known (see [36]) that 9JT p (n, A, D) is precompact in the Gromov-Hausdorff 
distance, (10). This means that any sequence M; L G 0Jt p (n, A, D), i — 1, 2, . . . , 
contains a subsequence, which we can assume to coincide with the whole se- 
quence, converging to some compact metric space X with respect to the 
Gromov-Hausdorff distance. We start with a characterization of X. 

Fix any point q G X and put := ipi(p), where : X — > Mi is an q Gromov- 
Hausdorff approximation (£j GH-approximation, or ^-approximation in short) 
with lim£j = 0. Namely, it satisfies 

K(V>(x),V(y)) -d x (x,y)\ < e h (19) 
ipi(X) is £j-dense in M i: 

where di = dM v Let B be the open ball around the origin in W 1 of radius 
7r/A, and let exp^ : B — > M { be the composition of exp^. : T ? .(Mj) — » Mj and a 
linear isometric embedding B ->■ B(0,n/A) C T q .(M-). Since |-R(Mj)| < A 2 , 
expj : S — >■ Mj has maximal rank. Thus, we have the pull-back metric 
foj := exp*(/i M J on _B. Moreover, we see that the injectivity radius inj(£>, hi) 
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is uniformly bounded from below. Therefore, we may assume that (B, hi) 
converges to a C^-metric (B, ho) with respect to C 1,Q -topology, for any < 
a < 1 (see [31], [52], [1], [2]). 

Let Gi denote the set of all isometric embeddings 7 : (B', hi) — > (B, hi) 
such that exp^cry = exp^ on B' , where B' := B(0, n/2A) C M n . Now d 
forms a local pseudogroup defined as follows: For 71,72,73 € Gi, 7172 = 73 
holds if the composition 7x o 7 2 is well-defined and coincides with 73 in a 
neighborhoood of the origin 0. 

We define the limit group germ G of Gi as follows: Let C denote the set of 
all continuous maps / : B' — >■ B such that 

- < doif{x } m) < 2, (20) 
2 " do(x,y) ~ K J 

equipped with the uniform topology, where d is the distance induced from 
h . By Ascoli-Arzela's theorem, C is compact. Therefore, passing to a subse- 
quence, we may assume that Gj converges to a closed subset G with respect 
to the Hausdorff distance in C. We see that G is a local pseudogroup con- 
sisting of isometric embeddings g : (B', h ) — > (B, h ) and that (B, h i: Gi) 
converges to (B,h , G) in the equivariant Gromov-Hausdorff topology. This 
means that there exist ^-approximations 

<j>i : (B,lu) ->• (B,ho), fa : (B,h ) -)• (B,lu) 

with limej = 0, and maps 

Pi '■ Gi — >■ G, Aj : G — )• Gi 

such that for every x,y <E B and 7$ 6 Gj, 7 e G, the following hold 

4(0i(7i(^)),Pi(7i)(0i(^))) <£*, di{i)i{-i{x)),\i{^){il)i{x))) < e u (21) 

when they make sense. Roughly speaking this shows that the pseudogroup 
action of Gi on (B, hi) is close to that of G on (B, ho). In particular, the quo- 
tient space (B',hi)/Gi = B(pi, 1/2) converges to (B',ho)/G, which implies 
that 

(B',h )/G = B(q,l/2). (22) 

(See [28] for further details on basic properies of the equivariant Gromov- 
Hausdorff convergence.) 
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Let 

TTi :£'-►£(<&, 1/2), n:B'^B(q,l/2), 
be the natural projections. 

Example 2.1 Take Mj = Si x Si/j, 2 = 1,2,..., with the usual product 
metric. Then Mj collapses to Si, as i — >■ oo, in the Gromov-Hausdorff dis- 
tance. The map 7 fc defined by ^k{x,y) = (x,y+ ^f-) on B(0, 1/2) C K 2 for 
any k G Z with < j- belongs to Gj. Namely Gj identifies points (x,y) 
and (x',y') ii x — x' — 0, y — y' — 2j p, where we use coordinates y) for 
points in M 2 . Thus Gj acts like a covering transformation group. 

Fukaya [25] proved that there exists a Lie group G containing G as an open 
subset. 

When d = dimX < n — 1, or equivalently when dimG > 1, we say that Mj 
collapses to X, and that the collapsing is k- dimensional for k = n — d. 

Let X be any element of the GH-closure VJH p (n, A,D) of 9Jl p (n, A, D). From 
(22), X can be locally described as orbit spaces. Therefore, it has the strat- 
ification 

X = S (X) D S 1 (X) D • • • D (23) 

such that, if Sj(X) \ Sj + i(X) is non-empty, it is a (d — j)-dimensional Rie- 
mannian manifold. 

Actually Sj(X) \ Sj+i(X) is defined as the set of all point q G X such that 
the tangent cone K q (X) of X at q (see [11], [57]) is isometric to a product of 
the form l^ - - 7 x y j ', where Y has no nontrivial M-factor. 

Let us denote by 

S(X) := S^X), X re9 :=X\ S(X), 
the singular and the regular set of X respectively. 

Lemma 2.2 Let X be any element of 97l p (n, A, D) which is not a point. 
Then 

(1) X reg is a Cl-Riemannian manifold; 
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(2) For any compact subset K C X reg , there exists a positive number ix > 
such that mj(q) > Ik for all q G K , where inj(g) denotes the injectivity 
radius at q; 

(3) X reg is convex in X . Namely, every geodesic joining two points in X reg 
is contained in X reg . 



Proof. Let X be the limit of (Mj, hi) G M{n,A,D). By [25], there exist 
Riemannian metric h £ on Mj such that, hi —¥ hi in the C 1,a -topology as 
e — > 0, for any < a < 1, and 

(1) (Mi, hi) converges to X £ , as i — > oo, with respect to the Gromov- 
Hausdorff distance; 

(2) the regular part (X £ ) reg of X s is a Riemannian manifold of class C°°; 

(3) X s is e-isometric to X. Namely, there exists a bi-Lipschitz map f £ : 
X — y X s satisfying 

de{f £ {x),r{y)) 

; — ; s 1 < £, a £ — dM e - 

d x (x,y) 



More precisely, the norm of the k-th covariant derivaitives of the curvature 
tensor Rhf of h\ has the following uniform bound 

||V fc %|| < C(n,k,e), 
for any fixed k and e. (See [6]). 

Since X and X £ have orbit-type singularities, the above (3) implies that 
f £ (Sj(X)) = Sj(X £ ) for small e, where Sj(X) are the stratification of X in 
(23). In particular, f £ (X reg ) = (X £ ) reg . 

For a small 5 > 0, let V be the ^-neighborhood of K in X such that V C X reg , 
and set \/ e := f £ (V). Then, 

-1 < i?(X £ ) \ V e < C{n). (24) 

(see Theorem 0.9 in [25]). Note that, by (3), diam(\/ £ ) < d, vo\(V £ ) > C 2 
for some uniform constants Cj = Cj(K) > 0, j = 1, 2, which are independent 
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of e. Thus, (24) together with Cheeger's theorem [14] implies that there is a 
positive number i K < 5 independent of e such that 

in) xe (q)>i K , (25) 

for all q G K £ := f £ (K). Now a standart argument using the Cheeger- 
Gromov compactness applied to the convegence V s — > V implies that 

inj x (g) > i K , (26) 

for all q G K. It follows from (24), (25) and [2] that the metric of V and 
hence of X reg is of class C%. 

Let us explain the basic idea of the estimate (26): Fix any point q G K 
and two different direction £ 1; £ 2 of X at q. First, we can prove that there 
exist geodesies 7J, j = 1,2, of length i K stariting at q £ := f £ (q) such that 
(/ £ ) -1 (7 £ ) converge to geodesies jj of length ix tangent to £j as e — > 0. This 
follows from the local extendability of geodesies in V as follows. 

We use Alexandrov geometry. Denote by T, q (X) the space of directions of X 
at q, which is isometric to the (d— 1) -dimensional unit sphere in the present 
case. Put £ := £j G S g (X), j = 1,2, for simplicity, and take x e G V such 
that the angle between £ and the direction £ e determined by a geodesic from 
q to x £ tends to as e — > 0. Now consider the geodesic Y starting from 
q £ through f £ (x £ ) of length % K . Then it is easily verified that (/ e )~ 1 (7 e ) 
converges to a geodesic whose direction coincides with £. 

Now let 7|(s), J ' = 1, 2, be geodesies on the complete simply connected surface 
^c(n) °f constant curvature C(n) starting at a point with 

A £ (7i £ ,7 2 £ ) = A(7 1 £ ,7 2 £ ). 
By Toponogov's comparison theorem, 

»)>#))>W^(t)), 0<s,t<^, (27) 
where d is the standard distance on M^ n y It follows that 

M7i(s), 72W) > d(7i(s), 72(0), 0<s,t<i K , 
where jj(s), j = 1, 2,, are the geodesies on M^,, starting at with 

6) = Z o(7i, 72)- 
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This yields mj x (q) > i K as required. 

(3) of the lemma is a direct consequence of [53]. QED 

The space X s which appears in the proof of Lemma 2.2 is called a smooth 
element in [25]. 

The geometric structure of the limit space X can be described in the following 

two ways: 

Theorem 2.3 For every q G X , let G be local pseudogroup defined as above, 
and set t := n — dim (G • 0), where G • denotes the orbit G(0). 

(1) There exist a neighborhood U ofq, a compact Lie group G q and a faithful 
representation of G q into the orthogonal group 0(£), a G q -invariant 
smooth metric on a neighborhood V of in such that U is bi- 
Lipschitz homeomorphic to V/ G q ; 

(2) There exists a C^-Riemannian manifold Y with dimF = dimX + 
dimO(n) on which 0(n) acts as isometries in such a way that 

(a) X is isometric to Y/0(n). Let tt : Y — >■ X be the projection ; 

(b) For every q G X and q G 7r _1 (g) ; the isotropy group 

H q := {geO(n)\g(q)=q} 
is isomorphic to G q , where G q is as in (1). 

Proof. (1) Take an ^-dimensional disk V in B' which transversally meets 
the orbit G ■ at O and is invariant under the action of the isotropy group 
G q :— {g G G \ g(O) — }. Fix a G g -invariant metric on V. Then V/G q is 
bi-Lipschitz homeomorphic to a neighborhood of q. 

(2) We only describe the construction of the space Y below. Let FM,i de- 
note the orthonormal frame bundle of Mj endowed with the natural Rieman- 
nian metric, which has uniformly bounded sectional curvature and diameter. 
Note that 0(n) isometrically acts on FM{. Passing to a subsequence, we 
may assume that {FM^ 0(n)) converges to (Y, 0(n)) in the equivariant GH- 
topology, where, as shown below, Y is a Riemannian manifold on which 0(n) 
act isometrically. It follows that X = Y/0(n). 



20 



To show that Y is a Riemannian manifold. Let B' C B C IR n , (5, hi, Gj) 
and (B,ho,G) be as described earlier, so that (B',hi)/Gi = B(qi,7i/2A) 
and (B',ho)/G = B(qo, 7r/2A). The pseudogroup action of Gj on (B',hi) 
induces an isometric pseudogroup action, denoted by Gj, on the frame bun- 
dle F(B', hi) of (B', hi) defined by differential. Therefore, F(B', hi)JGi = 
FB(qi, 7r/2A). Passing to a subsequence, we may assume that (F(B', hi), Gi) 
converges to (F(B',h ),G) in the equivariant Gromov-Hausdorff topology, 
where G denotes the isometric pseudogroup action on F(B', h ) induced from 
that of G on (B 1 , h ). The action of G on F(B', h ) is free. Indeed, let g G G 
satisfies 

g(x) = x, dg x (o) = o, o G O x (n), x G B' . 

Then g is an isometry with g(x) = x, dg x = id on T X B', so that g = id on 
B', see [51]. Therefore, F(B', h )/G is a Riemannian manifold, and so is Y. 

Next let us show that dimF = dimO(n) + d, d — dimX or, equivalently, 
that the action of 0(n) on Y is fathfull. Let x G X re9 f\B(q, vr/2A). It is easy 
to see that the pseudogroup action of G on (B, h ) H n~ 1 (X re9 D B(q, 7r/2A) 
is free, and that rc~ l (x) is isometric to 0(n), where n : B' — >■ B(q,7i/2A) is 
the natural projection. This shows that dimF = dim O(n) + <i. QED. 

In the future, we make an extensive use of Theorem 2.3, especially represen- 
tation (2). 

Note that q is an orbifold point if and only if G q ~ Hq is finite. This actually 
occurs for every q G X in the case of collapsing being one dimensional: 

Corollary 2.4 ( [26]) If dim. X = n — I, then X is an orbifold. 

Proof. By Theorem 2.3, for every q G X, we can take a neighborhood U 
of q, a compact Lie group G q C 0(£), a G 9 -invariant metric of class Cl on 
an neighborhood V of O in M £ , such that [/ is bi-Lipschitz homeomorphic to 
V/G q . Since n — 1 < i < n, we have £ = n — 1. It follows that dimG 9 = 
dim V — dimf/ = 0. Thus G q is finite, and therefore q is an orbifold point. 

2.2 Fiber bundle theorems 

Theorem 2.5 ([25], Theorem 10.1) Suppose a sequence Xi in 9Jl p (n, A, D) 
converges to X with respect to the Gromov-Hausdorff distance. Then there 
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are 0{n)-Riemannian manifolds Y t and Y of class C% and 0(n)-maps fi : 
Yi — > Y and maps fi : X i — )■ X such that 

(1) Xi = Yi/Oin), X = Y/0(n). Let m : Y t -> X u n : Y -> X be the 
projections; 

(2) fi are Ei-Riemannian submersions as well as Ei- approximations, where 
lim Ei = 0. Namely, fi satisfies 

< < e « (28) 

for all tangent vectors £ orthogonal to fibers of fa 

(3) / O TTi = TT O fa 

(4) for every y G Y , the isotoropy subgroup {g G 0(n) \ g(y) = y} is iso- 
morphic to G w ( y ), where G^j is as in Theorem 2.3. 

We shall call the maps fi : Xj — > X regular Ei- approximations for simplicity. 

Corollary 2.6 Suppose a sequence Xi in DJl p (n, A, D) converges to X with 
respect to the Gromov-Hausdorff distance. 

(1) // both Xi and X have no singularities, then the map f\ : Xi — >■ X is 
an Ei-Riemannian submersion; 

(2) If dim Xi = dimX, then the map fi : Xi — >■ X is an Ei-almost isometry. 
Namely, it satisfies, for every x,y G X i} 

e - a< rf,(/,W,/,M) <ees dj = 

d x {x,y) 

Corollary 2.7 Suppose a sequence Xi in 9Jt(n, A, D) converges to X with 
respect to the Gromov-Hausdorff distance. If dim X = dimXj — 1 for all i, 
then the map fi : Xi — > X is a Seifert S 1 -bundle. Namely for any q G X 
there exist a neighborhood V of q, an open set U C W 1 ^ 1 and a finite froup 
G acting on both U and S 1 such that 

(1) there is a bi-Lipschitz homeomorphism H : U/G — > V; 
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(2) Consider the diagonal G-action onU x S 1 . Then we have the following 
commutative diagram: 



->■ u 



Ux S 1 



U x S x /G C//G 



H 



+ v, 



where n and 7Tj denote the projections and Hi is a fiber-preserving iso- 
morphism. 



2.3 Measured Gromov-Hausdorff distance 

Let (Xj,/ij) and (X,fj,) be probability Borel measures on compact metric 
spaces Xi and X. Fukaya denned the notion of measured Gromov-Hausdorff 
convergence (Xi, — > (X,/i), or weak convergence in short. By definition, 
this is the case when there are measurablle ^-approximations ipi : Xi — >■ X 
with limej = 0, see (19), such that the pushfoward measure (ipi)*Hi weakly 
converges to ji in the usual sense. Namely, f x . f oipi djii — > f x f dji as i — > oo 
for any / G C(X), where C(X) denotes the space of continuous functions on 
X. In this subsection, we define the measured Gromov-Hausdorff "distance" 
that provides a topology equivalent to the weak topology. 



Definition 2.8 Let (X, //) and (X', fi') be probability Borel measures on com- 
pact metric spaces X and X' . 

The measured Gromov-Hausdorff "distance" d m GH((X, /i), (X', //)) between 
X and X' is defined as the infimum of those e > that there are measurable 
e- approximations ip : X — > X' and if;' : X' — > X satisfying 

ti(r\A')) < n'((A'Y) + e, nWrHA)) < M^ £ ) + e, (29) 

for all Borel sets A C X and A' C X' , where A e denotes the e -neighborhood 
of A: A £ := {x E X : d x (x,A) < e}. 
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Remark 2.9 d mG H is a generalization of the Prohorov metric on the space 
of probability measures on a fixed space (see [9]). 

Lemma 2.10 We have almost triangle inequality: 

d m GH((Xi,fIi), (X 2 ,/j, 2 )) 

< 2 (d mGH ((Xi^i), (X 3 ,/i 3 )) + d mGH ((X 3 ,fi 3 ), (X 2 ,/i 2 ))) • 

Proof. Let dij := d m GH{{Xi, fa), (Xj,fa)), and d := dis + d 32 . By definition, 
for any e > and for any i,j G {1, 3} or i,j G {3, 2}, there are (d^ + e/2)- 
approximation ipji : — > Xj, satisfying 

^-'(Aj)) < H (Af +e/2 ) + d i3 + e/2, 

for any Borel set Aj C Xj. Define ip 2 i '■ X\ — > X 2 by ip 2i := ip 23 o ip 31 , which 
is a 2(d + ^-approximation. Then, for any Borel set A 2 C X 2 , 

fa{^{A 2 )) = /i 1 (^ 2 l s 1 (A 2 ))< / i3(te 1 (A 2 ))^ +£ / 2 )+rf 1 3 + ^ 

< //3(fe 1 ((^2) dl3+d32+£ )) + dia + e/2 

< /i 2 ((A 2 ) d+d32+£ )+rf + £. 

Similarly, for ^12 := ^130^32 we have fa,^ (A±)) < A*i((^i) d+d31+£ ) + d + £, 
for any Borel set A 1 C X 2 , and, therefore, the lemma follows. QED. 

Lemma 2.11 d mGH ((X, fa), (X 1 , [/,')) = if and only if there exists an isom- 
etry : X — > X' such that = fJ>' . 

Proof. Suppose d m QH{{X, fa), (X f , //)) = 0. By definition, there are e r 
approximations : X — > X' with limej = such that 

M^r 1 (^))<^'(W)+e« 

for every closed subset A' C X' . As X, X' are compact, we may assume, 
using (19), that ipi uniformly converges to an isometry ip : X — > X'. Since 
ip^ 1 (A') C (^(A'))** for some ^ ->■ 0, it follows that 

^r\A')) < ^-\A')f) < ^-\(A') 5 ^)) < n' ((A') 5i+2£i ) + Si. 
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Letting % — > oo, we obtain 1 (A')) < fi'(A'). Taking complement, we have 
H{^-\U')) > n'(U') for any open set U' C X' . It follows that ^\(A') £ )) > 
/j,'((A') £ ). Letting e -¥ 0, we obtain > /jl'(A'). Thus, we have 

n(tp~ l (A 1 )) = fi'(A') for every closed set A' and hence for every Borel subset 
A'. This completes the proof of the lemma. QED. 



Proposition 2.12 A sequence (X iy pii) weakly converges to (X,/i) if and only 
ifKmdmGHdXitfjii), {X,ii)) = 0. 

Proof. Take ^-approximations fa : X { — > X with lime; = such that J x fo 
ipidfii — > f x f dpi for every / G C(X). First, using the weak convergence 
A*, we show by contradiction that, for any Borel set A C X, 

((AUi)(A) < (30) 

li(A) < ((^)(^)+4 (31) 

for some e\ — >■ 0. Suppose (30) does not hold. Then there are closed Borel 
sets Ai of X such that 

((^)*^)(A)>MA c ) + c, (32) 

for some constant c > independent of i. We may assume that A converges 
to a closed set A with respect to the Hausdorff distance in X. Take e 2 > 
£i > with C A £1 C A £2 C A for sufficiently large i Choose / G C(X) 
such that < / < 1, / = 1 on A £1 , and supp (/) C A 62 . Then 

/i(A) > fi(A £2 ) > f fd f i=]im f fofcdfu 

Jx *-"*> Jx, 

> limsup((^i)*/ij)(A £l ) > limsup((V'j)*A*i)(A)- 
This is a contradiction to (32). 

Next suppose (31) does not hold. Then for some Borel sets A of X we have 

MA) > ((^)*MKA) + c, (33) 

for some constant c > independent of %. Let A, C A £l C A 62 C A an d 
/ G C(X) be given as above. Then, 

liminf((^)*^)(A) > liminf((^),/i i )(A £2 ) 

i— >-oo i— >oo 

> lim / foip i d/ji i = f dfi> fi(A £l ) > MA)- 
Jx, Jx 
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This is a contradiction to (33). 

Let ^ : X — > Xi be any measurable ^-approximation such that diijp'i ° 
ipi(xi),Xi) < Si for every Xi G X i; o < £j for every x G X. 

Using (31), we obtain, for any Borel A { C Xj, 

/^((^)- 1 (A)) < ^(^[(m-'iA^+e', 

Together with (30), we have d mGH ((Xi, (X, //)) < 25; + 

Finally we shall prove the converse. Since /!«,/! are probability measures, 
shifting / G C(X), />—>•/ — min(/), and normalising it, / i— >• // max(/), we 
may assume < / < 1. Take a large positive integer k, and set A,- := {x G 
X | /(x) > j/k} for < j < k. It is straightfoward to see that, for any Borel 
measure /i on X, 



fc A; 



). (34) 



Now take ^-approximation ^ : Xj — >■ X with e« — > such that < 
n{A Sl ) + £j for every closed set A C X, where £j — )■ 0. Letting i — >■ oo, we 
have limsup(('0i)*//i)(A) < //(A). Therefore, in the above situation, we ob- 
tain limsup i _ 5>00 ((^j)*/ii)(^4j) < yu(-Aj-) for each < j < k. It follows from 
(34) that 



limsup/ f d((il>i)*(Xi) < - + ^ limsup ((ipi)*(J,i) (A. 



) 



. - 7'— >-oo 
k 

< % + fl li(Ai) -l + J x fdti - 

Thus, letting k — > 00, 

limsup / f d((ipi)*Hi) < / /cfyt. 

i->oo Jx JX 

Replacing / by 1 - /, we get lim inf J x f d((V>i)*A0 > j x f d ^ and 

lim / f d((il>i)*Hi) = fdn, 
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as required. 



QED 



Finally, for pointed metric measure spaces (X,p,p) and (X',p',p'), we define 
the pointed measured Gromov-Hausdorff distance, 

d pmGH ((X,p,p), (X',p',p')), 

as the infimum of those e > that there are ^-approximations ip : B(p,l/e) — > 
B(p', l/e) and ip' : B(p', l/e) — > B(p, l/e) with = p', ip'(p') = p, satis- 
fying (29), for all Borel sets A C B(p, l/e) and A' C B(p', l/e). 

3 Smoothness of the density functions 

Recall that for a compact Riemannian manifold (M, /i), /i^ denotes the nor- 
malized measure, 

Hm := dV h /Vo\(M), 

where dV is the Riemannian measure of M. In this section, we consider 
the set DJiyjl p (n, A, D) consisting of all pointed Riemannian manifolds with 
measure (M,p,p M ), where M G A, D). Fukaya [24] proved the pre- 

compactness of VJHTl p (n, A, D) with respect to the pointed measured Gromov- 
Hausdorff topology. 

Let us consider a sequence (Mj,pj) in Wl p (n, A, D) converging to (X,p) G 
97t p (n, A, /}). Let </?j : Mj — > X be a measurable ^-approximation with 
lim£j = 0. Passing to a subsequence, we may assume that (Mj,pj,/ij) con- 
verges to some (X, p, p) in the pointed measured Gromov-Hausdorff topol- 
ogy. Here p is some probability measure of X. (See [24]). More precisely, 
the pushfoward measure (</?j)*(//j) weak* sub-converges to p. 

The following lemma is known in [24]: 

Lemma 3.1 (1) p(S(X)) = 0, where S(X) denotes the singular set of X; 

(2) there exists a density function px on X such that 

(a) p = p x Px, where p x denotes the normalized Riemannian volume 
element of X; 
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(b) S(X) = {q G X | px(q) = 0} ; where S(X) is the set of all points 
q of S(X) which are not orbifold points. 

In this section, we discuss some properties of p x concerning the smoothness, 
and prove the following: 

Lemma 3.2 p x is of class on X reg '. 

Concerning Lemma 3.2, Kasue proved in [38] that p x is of class C 1,Q for any 
< a < 1. The method in [38] is to use smooth approximations of the metric 
of Mi as in the proof of Lemma 2.2. Our method discussed below is more 
direct and contains an extension of Montgomery and Zippin's result on the 
smoothness of isometric group actions. 

First we consider the case when S(X) is empty, namely the case when X is 
a Riemannian manifold. In this case, we can approximate tfi by an almost 
Rimennian submersion : M; — > X such that (see [24]) 

(1) the pushfoward measure (fi)*(pi) weak* converges to p, 

(2) Volif-^q^/VoliMi) converges to p x (q)/Vo\(X) in the C°-topology. 

Fix q G X and put := ipi(qo), where ipi : X — > Mi is an ej-approximation 
such that dx(fi ° ipi(x),x) < £j. 

Let B' C B C W l , (B : h i: Gi) and (B,h ,G) be as in Section 2 so that 
(B', hi) Id = B(q i: 1/2) and (B', h )/G = B(q , 1/2). Let 

tt, : 5' -> 1/2) C M i} vr : 5' -)■ S(g , 1/2) C X, 

be the natural projections. Since X is a Riemannian manifold, the pseu- 
dogroup action of G on B' is free. 

We now need to establish the following result on the smoothness of isometric 
group actions. 

Theorem 3.3 Let G be a Lie group, and M a Riemannian manifold of class 
with k > 1. Suppose that the action of G on M is isometric. Then the 
G-action on M , 

G x M ->■ M, (g,x)-t gx, 
is of class C^ +1 , where we consider the analytic structure on G. 
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It is proved in Calabi-Hartman [12] and Shefel [56] that the transformation 
g : M — > M defined by each g G G is of class C k,a . Theorem 3.3 is a 
generalization of Montgomery-Zippin [47], p. 212, where it is stated that 
the G-action on M is of class C k . The proof of Theorem 3.3 is deferred to 
Appendix B. 

Note that in our situation, the pseudo-group G can be extended to a nilpotent 
Lie group ([25]). It follows from Theorem 3.3 that the pseudo-group action 
of G on B is of class G*. 

Let d = dimX, m := dimG with n = d + m, and take a rf-dimensional 
C°°-submanifold Q of B which transversally meets the orbit G ■ at the 
origin O. Let s : U — > Q be a smooth coordinate chart of Q around 0, where 
U is an open subset of R d . From Theorem 3.3 together with the inverse 
function theorem, taking Q smaller if necessary, we may assume that, for 
some neighborhood U of O in B and for a neighborhood G* of the identity 
in G, the mapping 

G*xU ^U, (g,x)^g(s(x)), 9 eG*,xeU , (35) 

gives C^-coordinates in U . 

We can consider every element X of the Lie algebra Q of G as a Killing field 
on B' by setting 

:= — (exptX ■ x)| i=0 , 

where x denote points in U. Then, for any x e U, there is a unique g G G* 
and x G U with x = g(s(x)). We define 

p(x) = \Ad g (X 1 )(x) A • • • A Ad g (X m )(x)\, 

where X 1 , . . . , X rn be a basis of q, and the norm is taken with respect to Hq. 
Here the adjoint representation Ad : G — > GL(g) is defined by 

Ad g (X) := j t (g ■ exp tX ■ g~% =0 . 

We show that p is G-invariant and of class C*. Let x = g(s(x)) and g' G 
G*. We denote by L g > the left translation by g'. Since Ad g > g (XA(g'x.) = 
(Lgi)^Ad g (Xi)('x), we have p{g'x) = p(x) and p is G-invariant. Recall that 
the correspondence x = g(s(x)) — > (g,x) is of class Cl from the inverse 
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function theorem. It follows that the map (t, x) — > g(exptXi)g x (x) is of 
class Cl- Thus x — > Ad g (X i )(-x) is of class and so is p(x). 

Since p is G- invariant, there is a function p defined on a neighborhood V = 
tt(U) of the point g such that p = pon. Obviously p is of class C%. 

We shall prove that px is of class C% by showing that px{x) / p{x) is constant 
for x £ V. Basically we follow the argument in [27]. Let 

G\ := {geG l \d {Brhi) (g(0),0)< 1/2}, 
G':={geG\d {Bjio) (g(0),0)< 1/2}. 

Let us consider a left-invariant Riemannian metric on G. First we need to 
show that 

p(x) 

on a neighborhood of g - Define F x : G' ^ G'(s(x)) by F x (g) = g(s(x)). Let 
Xl, . . . , X m be an orthonormal basis of $j. For any g G G", we have 

F:(X t (g)) = j t (gexptX t (s(mt= = Ad g (X t )(F x (g)). 

Therefore, 

Vo\(G'(s(x))) = [ \Ad g {X 1 )A---AAd g (X m )\(g(s{x))) 
Jo 

= f p(g(s(x)) = p(x)Vo\(G'). 
Jo 

For the rest of the argument, we can go through along the same line as in 
[27], which we outline below. 

Set 

Ei(x,5) := {y G B | there exists g G G\ such that d^ (y, g(s(x))) < 5}, 
E (x,5) := {y G B | there exists g G G' such that dj i() (y,g(s(x))) < 5}. 



Then one can check 



,feSvol»(x,i)) =1 ' (36) 

h ^y 1 " ^^))), (37) 
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where u d denotes the volume of unit ball in R d . This implies 



Vol(EoQM)) P(x>) 
/™ Vo\(E (x' , 5)) p(x) 

for all x, x' G £/. One can prove that there exists c > independent of x 
such that 

Umlnn— M^l) =, (38) 

5-XH-xx) VoKG^VoK/" 1 ^) V ^ 



These yield 



Since 



we conclude 



voi(ir») p(^) _ 1 

voi(/-V)) a**) 

VoK/- 1 ^)) Px (x) 



ftS> Vol(Mi) Vol(X) ' 



which conclude that px is of class C*. 

Next consider the general case when X is not a Riemannian manifold. Since 
the above argument is local, it follows that px is of class on X reg . This 
completes the proof of Lemma 3.2. QED 

Here we give the proof of Lemma 3.1, because the idea in the proof is used in 
later sections. We recall the characterization of px using orthonormal frame 
bundles. 

Let FMi denote the orthonormal frame bundle of M; endowed with the 
natural Riemannian metric, which has uniformly bounded sectional curvature 
and diameter. Put 

= ^fky < 39 > 

where dVpMi is the natural volume element on FMi with 0(n) acting isomet- 
rically on FMi. Passing to a subsequence, we may assume that (FMi, V>h 0(n)) 
converges to (Y, p, 0{n)) in the equivariant measured Gromov-Hausdorff topol- 
ogy, where Y is a Riemannian manifold and p is a probability measure 
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on F invariant under the 0(n)-action. The notion of equivariant mea- 
sured Gromov-Hausdorff topology is defined in a way similar to that of 
measured Gromov-Hausdorff topology, where a measurable ^-approximation 
maps ipi : FMi — > Y with the property — >■ p is required to sat- 
isfy conditions similar to (21). By Theorem 2.5, there are ^-regular maps 
fi : FMi — > y and fi : Mj — >■ X such that fiOi\ i = i\of i . We may replace 

i>i by U 

Note that the probability measure p on Y can be written as 

d " = PY Vol(F) • 

It follows that there is a strictly positive function p x on X with p x o n = p Y , 
where it : F — >■ X is the projection. Since d x (x,x') = d Y (TT^ 1 (x), n^ 1 (x')), 
then p x is Lipschitz. 

The projection 7Tj : FMj — )■ Mj is a Riemannian submersion with totally 
geodesic fibers isometric to 0(n). Thus, 

dVpMi 



dpi 



Vol(0(n)) x Vol(Mi)' 



Then it follows that (7Tj)*(//j) = /Xj. For any continuous function / on X, we 
have by Fubini's theorem 

/ f{x)p x {x) TfjfT^ = lim / (/ O /j) rf/i Ml 



= lim / (/o/jo 7Ti) rf/ii = lim / (/otto ^ 



Vol(F) 



Av(y)dW;-i (x )(y))/(x)(i^(x) 



/(^(^VoIKtt- 1 ^))^!^, 



where "H^-im is the ^-dimensional Hausdorff measure of 7r with £ = 
dimO(ra). It follows 

7r*(/T)=/x (40) 
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and the function 



p x (x) = P x (x)Vok(n-\x))^l (41) 

is the required density function with dpx = PxdVh /Vol(V). Since n^ 1 (x) ~ 
0(n)/Hx and H s ~ G x (see Theorem 2.5), we have VoLj(7r _1 (:r)) = if and 
only if dimG^ > 0, that is, x is not an orbifold point of X. 

In the future, we will need also the properties of the the class of the orthonor- 
mal framebundles FM over Riemannian manifolds (M, p, p) G 97t9Jt p (n, A, D). 
FM are equiped with the Riemannian metric, h, inherited from (M, h) and 
the corresponding probability measure, p, see (39). We denote this class by 
$Wl9Jl(n,A,D). Clearly, 

n F = dim(FM) =n + dim(0(n)), diam(FM) < D F , 
\R(FM, h F )\ < A 2 F , for FM G $WlDJl(n, A, D). (42) 



The closure, $9Jl9yt(n, A, D) with respect to the measured GH topology gives 
rise to the Cl manifolds Y, equiped with C^-smooth Riemannian metric h, 
which appear in Theorem 2.3, (2), and appear in the proof of Lemma 3.1 
when dealing with non-smooth X. Analysing the proof of Lemma 3.1, we 
have 



Corollary 3.4 Let Y e Then Y is C^-smooth Riemannian manifold 

with Cl -smooth Riemannian metric h Y and strictly positive density function 
p Y G C%(Y). Moreover, 0{n) acts by isometries on Y and p Y is 0{n)- 
invariant. There is a constant K F = A F (n, A, D) > 1 such that 



\R(Y)\<A 2 F , Ye$Wm. (43) 



4 On properties of eigenfunctions 

In this section we consider some properties of the eigenfunctions (f)j, j = 
0, 1, . . . , of the weighted Laplace operator, Ax, for (X,p,p) G 9Jt97t p . Note 
that the basic spectral properties, including its rigorous definition, of this 
operator are given in appendix C. Simultaneously, we will consider those 
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properties for weighted Laplacian on (Y, dfi Y ) G fiVJlWlp, in which case we de- 
note the eigenvalues and corresponding eigenfunctions by Xj, <pj, j = 0, 1, .... 
As hy,py £ C%(Y), it is natural to consider C^-smooth transition func- 
tions ipjk : n~ l (Uj fl C/fc) — > 7r^ 1 (C/j fl C/fc) between coordinate charts of 

(Uj,TTj) and (Uk,TTk) on Y. In these coordinates we can invariantly define 
the Sobolev spaces W k ' g (Y), k G {0, 1,2,3}, 1 < p < oo, the Holder classes 
C l ' a (Y), I G {0, 1, 2}, < a < 1 and the Zygmund space C 3 (Y). 

Analogously, due to Theorem 3.3 with M = Y, G = 0(n), we can also define 
spaces Wo' 9 (Y) C W k >«(Y), Cjf(Y) C C z > a (Y) and C 3 (Y) G C 3 (Y) which 
consist of functions invariant with respect to the action of 0(n). 

Denote by Po the projector 

P :L 2 (Y)^L (Y), (F u*) (y) = [ u*(o(y))dp , (44) 

JO(n) 

where d/i is the normalized Haar measure on 0(n). 

Lemma 4.1 For any k € {0, 1, 2, 3}, Z G {0, 1, 2}, 1 < q < oo and < a < 
1, 

Po : PY M (Y) W^Y), p o : C l ' a (Y) ->• C^ Q (Y), (45) 
Po : C 3 (Y) G C 3 (Y), 

are bounded projectors. Moreover, 

P :L 2 (Y,/i y )^L (Y,/i y ), 

an orthogonal projector. 

In addition, for any 1 < q < oo, Wq 9 (Y), k G {0, 1,2,3} and Cf Q (Y) are 
dense in Lq(Y,/iy)- 

Proof. Since, by Theorem 3.3, 0(n) acts by C^-isometries which also pre- 
serve the measure /iy, then, for any o G 0{n), 

\\o*u*\\ W k, q{Y) = \\u*\\ W k, q( Y), (o*u*)(y) = u*(o(y)), 

and the similar equation is valid for C l ' a and C^-norms. Therefore, by integral 
Minkowski inequality 

||Po M * |w fe -9(Y) || < / || 0*1i*||jyfc,g( y ) d\l = \\o*U*\\wk,q(Y)- 
JO{n) 
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Using the definition of the norms in C l,a and C% for FqU in these norms. 
Next consider L 2 (Y). Then, 

(F u*,v*) LHY) = jf Qf u*(o(y))d^v*(y)dti Y (y) 

u*(o(y))v*(y)dn Y (y) ) d/i 



0(n) \JY 



O(n) \JY 



u*(y)v*(o l (y))dn Y (y) J d^ , 



where, at the last step we make the substitution y = oy and use the invariance 
of /i and the fact that 0(n) acts by isometries. Thus, 

(F u*, v*) = [ u*(y)( [ v*(o(y)) d^ ) dfi Y = (it* , P ^*) . 

JY \Jo(n) J 

To obtain the density of C\ and, therefore, Wq Q in Lq, we first approximate 
u* E L q (Y) by C^-functions u* k and then consider 

ul = ¥ u* k eCl (Y), 

To complete the proof, let us show that 

IK - u I\\li(y) < \\u* - ul\\ Lq{ Y)- (46) 
Since u* is 0(n)-invariant, 

u*(y)= / u*(o(y))dn , yeY. 

JO(n) 



Therefore, 



u*(y) ~ ul(y) = / («* -«fc) (o(y))dn , 

JO(n) 



and (46) follows from the integral Minkowski inequality. 

QED 

Analogously, as X reg is a C^-smooth manifold, we can define function spaces 
W^(X re v), C l ' a (X re 9) and Cl{X re 9). In addition, as X is a metric space, 
we can define the space of Lipschitz function, C 0,1 (X). 
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Lemma 4.2 (1). Let (Y p ,pi Y ) G $dWR p . Then, fa G C*(Y). 
(2). Let (X,p,fi x ) e 1%. ITiera, 

0, G C ' 1 ^) f)Ct(X^) f| ( <c (^ res )) • (47) 

\1<<j<oo / 

Proof. (1), In local coordinates on Y, 

1 



di(y/kY hy pydifa) = Xj(f>j. 



\Jh Y p Y 

We use the interpolation arguments for the interior Schauder estimates, see 
e.g. [30, Th. 6.17]. As h Y and p Y are C^-smooth, an extension of these 
arguments to Zygmund spaces shows, cf. [2, Prop. 2.4.1], also [61, Thm. 
14.4.2-3] or [64] for the domains in M n , that fa G C%(Y). As the embeddings 
J : C k ' a (Y) = B k +^(Y) ->■ W k+a ' q (Y), for n G Z+, < a < 1, and 
1 < q < oo, are continuous [8, Thm. 6.4.4], we see, using interpolation, that 
X : C%(Y) — > W 3 ' P (Y), p < oo is continuous. 

(2). Let (X,fj,x) = (Y, /i Y )/0(n). Denote by A y the invariant part of Ay on 
Lq(Y), where L 2 (Y) is the subspace of L 2 (Y, p Y ) of 0(n)-invariant functions, 

L 2 (Y,p Y )=L 2 (Y)®L 2 ± (Y), 

see Appendix C for details. By [24, Lemma (7.1)], se also Appendix C, 

spec(Ay) = spec(A x ), <j>° = n*fa, (48) 

where A?,0? stand for the eigenvalues and eigenfunctions of Ay. Let, for 
x,y G X, x* G 7i^ 1 (x), y* G 7r _1 (y), satisfy 

dx(x,y) = d Y (7r~ 1 (x) : 7r~ 1 (y)) =d Y (x*,y*). 

Then, 

\fa(x)-fa(y)\ = -?JV)| < ||co. 1( y)dx(s,y), (49) 

which proves the first inclusion in (47). 

Next consider Y r = n'^X^), so that X r ^ = Y r /0(n). Note that Y r is 
invariant with respect to 0(n) which acts by the measure preserving isome- 
tries, see Theorem 3.3. In addition, by Theorem 2.5 (4), 0(n) acts freely on 
Y r . Thus, the remaining inclusions in (47) follow from (48). 
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QED 

Denote by Z X) Z Y) Zy the linear subspaces of finite linear combinations of 
the eigenfunctions {0j}°^ o , {0j}^L o > anc ^ {0f}j^O' correspondingly. 

Proposition 4.3 1. Zy, Zy are dense in W k > q (Y), W% q (Y), for any k G 
{0,1,2,3}, 1 < q < oo and also C l ' a (Y), C l ^ a (Y), I G {0,1,2}, < 
a < 1 and C%(Y), C% (Y), correspondingly. 

2. Z x is dense in W^(X re 3) and also C l ' a (X re s) and C^X re 9). In ad- 
dition, Z x is dense in C 0,1 (X). 

Proof. 1. Let A q be the weighted Laplacian Ay with the domain of defi- 
nition V(A q ) = W 2 ' q (Y), 1 < q < oo so that A q : W 2 ' q (Y) ->■ L q (Y). Note 
that, for 2 < q < oo, A q is the restriction of -A := A 2 = Ay : W^ 2,2 (F) ->■ 
L 2 (F) and, for 1 < q < 2, A q is the continuous extension of A 2 . We start 
with the case q = 2, when 

(J + A)" 1 : L 2 (F) -> ^ 2 ' 2 (F) 

is an isomorphism. 

If / G L 9 (Y) with 2 < g < oo, we see using [45, Thm. 9.4.1] that u = 
(I + A)- 1 } G W 2 ' q (Y). Moreover, by [2, Prop. 2.4.1] and [30, Thm. 9.19, 
9.30], if / G C°(y), then u G C 2 (F). By the Closed graph theorem, the 
above yield that, for 2 < q < oo, that the operators 

(I + A)- 1 :L q (Y)^W 2 > q (Y), (/ + A)' 1 : C°(Y) C 2 (Y) (50) 

are bounded and surjective and, therefore, are isomorphisms. 

Let us next show that Zy is dense in L q (Y) for all 2 < q < oo. As <pj, j G Z+, 
form an orthonormal basis of L 2 (V), the space Zy is dense in £ 9 (Y) with 
9 = 2. 

Let g > 2, m G Z + and < a < 2n y 1 , where ny = dim(Y), be such that 
ma = 1/2 — 1/q. We define g(/c) > 2, /c = 0, 1, . . . , m, by setting 

9(0) = ,, ^y = ^ T y + «> fc = i,2,...,m, 

so that then g(m) = 2. 
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Recall that we have already shown that Z Y C L 9<m ) (Y) is dense. Assume next 
that we have shown that Z Y C L q ^ k \X) is dense for some k = 1,2, ... ,m. 
Then, as 7 + A : Zy ->■ Zy is bijective and (7 + A)' 1 : L«W(Y) ->■ 
W 2 ,i( k )(Y) is an isomorphism, we see that Zy C iy 2 ' 9 W(Y) is dense. By 
Sobolev embedding, for ^ = + so that q' > q(k — 1), we have 

W 2, q (k)(y) C L«'(y) C L^-^Y). By using the fact that C 3 (Y) is dense 
both in W 2 ' qi - k \Y) and L^-^Y), we see that W 2 ^)(y) c £9(*-i)(y) i s 
dense. Since Z Y C W^( fc )(Y) is dense, this implies that Z Y C L^-^Y) 
is dense. Iterating this argument m times, we see that Zy is dense in 

L«(°)(y) = L«(y). 

As noted above, for 2 < q < oo the operator (7 + A)' 1 : L q {Y) ->• iy 2 ' 9 (Y) 
is isomorphism, and as 7 + A : Zy — )■ is bijective the above yields that 
Z Y is dense in W 2 ' q (Y). 

To prove the density of Zy in W 3 ' q (Y), we use the fact that, similar to the 
above, 

(7 + Ay 1 : W 1,q {Y) ->■ W 3 ' q (Y), 2<g<oo, 

is an isomorphism. As we already know that Zy is dense in W 1,9 (Y), this 
implies that Zy is dense in W 3,q (Y), g > 2. At last, using the density of 
W k ' q (Y) in W k ' q '(Y), q' < q, we extend q to [1, oo). 

Let q > ny/2. Since W 3 ' q (Y) C C°^(Y), the set Z Y is dense in C°' l {Y). 
Since —Ay on C 3 (Y) is the restriction of A, by extending classical interior 
elliptic regularity results from C fc,a -classes, see e.g. [30, Th. 6.17], to Zyg- 
mund classes using the same construction as in e.g. [2, Prop. 2.4.1] , see also 
[61, Thm. 14.4.2-3] or [64], we see that 

{I + A)- l :C Q <\Y)^Cl{Y) 

is bounded. Using again that (7 + A)~ Zy — Zy , this implies that Z Y is 
dense in C 3 (Y). 

Turning to the case of Zy , we just note that 

(7 - Ay)' 1 : L%{Y) W^(Y), (7 - Ay)' 1 : W^(Y) W^(Y), 

(7-Ay)- 1 :C 1 (y)^^ 3 (y), 

are isomorphisms. Taking into the account that Zy is dense in Lq(Y), re- 
peating the above agruments brings about the desired result. 
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2. Note that 

C% 1 (Y)=*>(C°> 1 (X)), (51) 

see also Appendix C, (240) or [24, Sec. 7] where the classes C 1 can be easily 
substituted by classes C ' 1 . This, together with (49), (48) and the density of 
Z? in CW(Y) provides the density of Z x in C ' 1 ^). 

Next, to prove the density of Z x \ xreg in (X re s) , k G {0, 1, 2, 3}, 1 < q < 
oo, or in C l > a (X re9 ), I G {0,1,2}, < a < 1, it is sufficient to show that 
Z x \ X r, g is dense in Cl{X re 9). 

Let K be a compact in X res . To prove that last statement, it is sufficient to 
show that any u G C^(X reg ), supp(w) C K, can be approximated, in C^(K), 
by a sequence of functions z m \K, z m G Z x . To this end, consider 

u*=n*(u)eCl (Y). 

Since 0{n) acts freely on -n~ l (K), it follows from Theorem 3.3 that visa versa 

tt, : Cjofr-W) C*W (52) 

is a bounded operator. Note that to see this, it is sufficient to use, near 
an arbitrary y £ 7r_1 (-^) ! the local coordinates (o,x). Here x are local 
coordinates near Xo = 7i(y ) and o are local coordinates near Oo, where 
2/o = Oo(s(xo)), cf. (35) with g replaced by o and x being local coordinates 
in X reg . 

By part (1), there is a sequence {-2m}m=i? z m which approximates 

u* in C^(y) as m — > oo. Thus, {z^ l \. K -'i-^K)}m=i approximates u*\ n -i^K) in 
^(tt- 1 ^)) and, by (52), 

lim n*(z£)\ K = n*(u*)\ K = u\ K in Cl(K). 

m— »oo 

However, by (48), n*(z°) G Z x . 

QED 

Corollary 4.4 (i) The map $ : X — >■ R z + defined by $(x) = (^-(x))^! zs 
one-to-one, that is, if x^y, there is an index j G Z + suc/i £/ia£ 
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(ii) For any Xq G X reg there a neighbourhood U C X reg of x and indeces 
j — (ji, ■ ■ ■ ,jd), where d = dim(X), such that 

* r .U^R d , * s (x) = ((f> jk (x)) d =1 , xeU, 

are Cl -smooth coordinates in U . 

Proof, (i) Assume the opposite, that is, there are x, y G X, x ^ y for which 

4>j{x)=<j>j{y), for all j = 0,1,.... (53) 

Lett; G C 0,1 (X) mthv(x) = 1, v(y) = 0, e.g. v(x') = d x (y,x')/d x (x,y), x' G 
X. By Proposition 4.3 2., there are z m G Zx, m = 1,2,..., such that 
z m ~ * v m C 0,1 (X) as m — > oo. In particular, z m (x) — > = 1 and 

^m(l/) — > ^(y) — 0. However, if (53) is valid then z m (x) = z m (y) for all m 
and thus, = v(y). This is a contradiction and thus (i) has to hold. 

(ii) We need only to show that there is j = j(xo) such that (d<f>j 1 (xo), . . . , d(f>j d (xo)), 
are linearly independent. 

Let (x 1 , . . . , x d ) be C^-smooth local coordinates in a neighborhhood V C X reg 
of x . Let x G C^(X re9 ) be supported in V such that x( x ) = 1 in some 
neighborhood of x Q and let Xi(x) = x % x(x), i — 1, 2, . . . , d. By Proposition 
4.3 2, there are u { m G Z, m = 1,2, ... , such that ^(ujj -> dx* in D^(X), 
where D^(X re9 ) is the space of C^-smooth differential 1-forms on X reg . Since 
dxi = dx l near xq, this yields that, for some to, du l m (xo), i = 1, . . .,d, are 
linearly independent. This implies the result. 

QED 

To understand which choice of j is appropriate for coordinates near x , we 
can use the following lemma. 



Lemma 4.5 Let X G WlWl p andx G X reg . Assume that, fori := (i±, . . . ,id) G 
Z+ ; there is a neighborhood W\ C M. d , <&i(xo) G W{, such that, for any I G 
£/ie function (fie o ^r 1 : W\ — > R is C^-smooth. Then there is a neighborhood 
U of x such that $ } : U — > &i(U) C R d is a C^-smooth diffeomorphism. 
Thus, (U, $i) forms a local coordinate chart in X reg . 

Proof. By Corollary 4.4 there is j := (ji, . . . ,jd) G Z+ such that ((f) . . . , <f>j d ) 
are -smooth coordinates near <3>j(xo). Thus, for any £, (fieo&J 1 is -smooth 
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in some neighbourhood Wj C M™, $j(^o) £ Wj- On the other hand, by our 
assumption, the map if = $j o c&r 1 is also C^-smooth in some neighborhood 
Wi C W 1 of $i(xo). Denote by if' the map ii' = o $r\ : W 1 . 
Then, on a possibly smaller neighbourhood V C Wj, $j(x ) G V, we have 
H o H' = Id. Therefore, in particular, 

DH(^(x )) o DH\^(x )) = Id. 

This implies that DH ($i(rr )) is invertible so that <3>i is a C^-smooth coor- 
dinate map near x . 

QED 

The above lemmas show that, given the eigenfunctions {(f)j{x)}^ =0 on and 
open set Q reg C X reg , X G 9Jt97t p , we can find the topological and C^- 
differentiable structure of Q reg C X reg . Next we consider the metric tensor 
h and the density p on Q reg . 

Lemma 4.6 The set Q reg , the eigenvalues {Aj}°5L of —Ax, and the corre- 
sponding eigenfunctions {0j(x)}°^ o , x G Vt reg determine uniquely the metric 
h\nreg and, a weight function p inQ which satisfies p(x) = cp(x), forx G Vt reg , 
where c> is some constant. 

Proof. Let x G 0, reg and x : U — > M. d be C^-smooth coordinates in a 
neighborhood U C Vt reg of x , x(a;o) = 0. Next we do computations in the 
local coordinates x(x) = (x 1 , . . . ,x d ) and identify U and x(£7) as well as x 
and 0. Let x( x ) be a C^-smooth function which is supported in a compact 
subset of U so that x( x ) = 1 in a neighborhood V of 0. Let 

Xi(x) = x l x(x), i = l,...,d, (54) 
Xj,k(x) = x J x k x(x), 1 < j < k < d. 

Let now y <E V. We know that there are zf, z^ k G Zx, such that, in Cf(U), 

Xi = lim 4, Xj,k = Jim z e j k . 

This implies that there is iV G Z + , such that the vectors ^(0^), p = 
0, 1, . . . , N, span the space 

R d(d+3)/2 j where 
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where A is the set of pairs (j, k) such that 1 < j, k < d and j < k. Let us 
consider the equations 

d 2 d 

-A x( f) p (y) ■= - hlk (y) d j d k Mv) - al (y)-^jMy) = KMv)> ( 55 ) 

where p — 0, 1, . . . , iV, and 

-^-d k (Vhh jk p) = ^d k (yhh jk ) + v k dMp)- 



a 3 



Solving the system (55), we find the the coefficients h^ k (y) and a?{y). Using 
the equation for a 3 we find V(lnp) at y. As y G V is arbitrary, this means 
that we can determine the metric tensor hj k and the function p (up to a 
multiplicative constant) in V. QED 

In the future, we will chose and fix some positive solution, p, for the equations 
for a 1 , so that 

/ p(x)dV h = l, p = cp, (56) 

JQ re 3 

with some c > 0. 

At the end of this section, we show that the point heat data determines, via 
the local spectral data, the metric- measure structure of any open set Q C X . 
Recall that the point heat data for a weighted Laplacian on X G 97t97t p , 
associated with Q is defined as follows: 

Let H(x, y, t), x,y, G X, t G R+, be the heat kernel for the weighted Laplace 
operator Ax- Let O C X, H ^ f), be open and {zi, i G Z + } be dense in fl. 
Let also / G Z + } be dense in R + . Then the point heat data (PHD) is the 
set 

PHD = (H(z i ,z k ;t l )) i , k , le z + . (57) 

Lemma 4.7 Let the set PHD = (H(zi, Zk',ti))i t k,iez+ be point heat data as- 
sociated with the weighted Laplacian Ax on some open Q C X . Then these 
PHD uniquely determine Q, Q reg = Q fl X reg , the metric h\nre g , and the 
eigenvalues Xj. They also determine, up to an orthogonal transformation in 
jC(Xj), the orthonormal eigenf unctions, (pj\n re s, j G Z + , and the density p in 
Qreg w fc c fr satisfies p(x) = d p(x) for x G Q, where d G M + is a constant so 
that fl has volume one with respect to the measure pdVh- 
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Here and later we denote by C(Xj) the eigenspace of —Ax, corresponding to 
the (multiple) eigenvalue Xj. 

Proof. Observe first that, due to the analiticity of H (x, y; t) with respect to 
t, Re(t) > 0, H i k .i, I G Z + determine the function H ik (t) G C(0, oo), 

H ik (t) = H(zi, z k ; t). 
Take the Laplace trasform of H ik (t), 

POD 

H ik (t) ^ H ik {ou) = / e"*" H ik (t)dt, Re(w) > 0, (58) 
Jo 

and denote fy^ = <pj{zi). Note that, as follows from the Weyl's asymptotics 
for eigenfunctions together with Sobolev's embedding theorem, for a given 
(X, p, fi) we have 

\>C~ x f\ < (59) 

cf. Proposition 5.2 and Lemma 5.6. This implies that, in the standard 
representation, 

oo 

H(x,y,t)=Y t e- x * t <l> j (x)(j> j (y), (60) 

3=1 

the series in the right-hand side convergesw in C°^(X x X x (0, oo)). Thus 
the integral (58) converges absolutely for Re(u;) > and has a meromorphic 
continuation to the whole plane C. Indeed, let 

Hi k {t) = H lk {t)-Y,^' t Mr*- 

i'=i 

Then, using (59), 

\H J ik (t)\ < C £ e ( ~ [x >- £]t \l + jf (n) , forany e > 0. 

This, by the same estimate, implies that H 3 ik (t) is analytic for Re(w) > —Xj. 

These arguments show that H ik (u) = H 3 ik (u) + Y^j~=i{ u + ^') -1 ^j';i0j';fc nas 
a meromorphic continuation onto C with simple poles at ui — —Xj, j G Z + 
and the corresponding residues, 

Res (H ik (u)) = <t>j;i<t>j;k- (61) 

uj=—Xj ^— ' 

\ j r=\j 
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As {zk}, k G Z + is dense in Q, we see that the poles of the Laplace transform 
of Hik(t), i,k G Z + , £ G (0, oo) determine uniquely Aj and the residues of the 
Laplace transform given in (61). Using the results in [41, Lem. 4.9], it follows 
that those residues determine, up to an orthogonal linear transformation in 
the group 0(rrij), where rrij is the multiplicity of the eigenvalue \j, the values 

Observe now that the map, $ : VL — > R z + is injective and continuous with 
respect to the product topology in R z+ . As Q is compact, $ is a homeomor- 
phism between Q and C Thus, i,j G Z + , determine $(fi) 

and, therefore, = (<&(fi)) m *. 

We next use Corollary 4.4(2) and Lemmata 4.5 and 4.6 to identify the dense 
open subset Q reg = Qr\X reg . This is the set where there are d eigenf unctions 
$i forming C^-coordinate system in the sense of Corollary 4.4(2) and Lemma 
4.5, and d(d + 3)/2 eigenfunctions 0,, j — 1, . . . , d(d + 3)/2, to identify, using 
Lemma4.6, h and p, requiring them to belong to C%. 

QED 

In the future we need the following result which is a consequence of the proof 
of Lemma 4.7. 



Corollary 4.8 For any X G TlVJUp, assume that H x (x,z,t) = H x (x' , z,t) , 
for z G U, t G (a,b) C M +; where U d X is open. Then x — x' . 

Remark 4.9 Analysing the proof of Lemma 4.7 it is clear that, given PHD, 
(H(zi, Zk',ti))i j k,iez. + , associated with some open set Q G X G DJtVJl p , we 
do not need to know a priori the dimension d = dim(X) of X. Indeed, d 
will be the minimal number so that, for any y in an open dense set in Q 
there are d eigenfunctions, (f>j(i, y ), • • • , <f>j(d, y ), which form C^-coordinates in a 
neighbourhood of y. 

5 Continuity of the direct map 

Recall that we consider the class 9Jt97t p = TlVJl p (n, A, D) of pointed n- 
dimensional Riemannian manifolds (M,p M , /i M ), equiped with probability 
measure \im and with the absolute value of the sectional curvature bounded 
by A 2 > and diameters bounded by D > 0. Recall that the probability 
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measure ji M is related to the Riemannian metric, dpu = c^4/Vol(M), where 
dVh is the volume element corresponding to the Riemannian structure on M. 
We denote by || • \\L 2 (M k ) the norm of the space L 2 (M k ] d/i k ), that is, the norm 
is defined using the measure fi k . 

In Sections 2, 3 we described the structure of the closure, with respect to 
the pointed, measured Gromov-Hausdorff topology, of the class WlDJlp, which 
we denote by 97KHp(n, A, D). Namely, any X G TlVJl p is a stratified man- 
ifolds, see (23) and has the form, X = Y/0(n), see Theorem 2.3. Here Y 
is -smooth Riemannian manifold with C^-smooth density function py, see 
Lemma 3.2, where the group 0(n) acts as C^-smooth isometries, see Theorem 
3.3. 

Note that if a sequence (M k ,p k , fj, k ) G 0JT9Jl p converges in the pointed mea- 
sured GH topology, then the limit is a stratified manifold of dimension d < n, 
if and only if i k — > 0, where i k is the injectivity radius of (M k ,p k , h k ). Oth- 
erwise, the limit is an n-dimensional C*-smooth Riemannian manifold. 

We associate with any space (X, p, fix) G 97t97t p (n, A, D) the weighted Laplace 
operator, Ax, and the heat kernel, Hx(x,y,t), x,y G K+, t > 0, such that, 
for any y G X, 

(d?-A x )H x (-,y,t) = 0, inXxR+, H x (-, y, 0) = 5 y . (62) 
Here 5 y is the Dirac delta-function with respect to the measure 

dux = PX y^x) ' = lj 

cf. (3). The goal of this section is to prove the continuity, with respect to 
the pointed measured Gromov-Hausdorff topology, of the direct map, 

(X,p x ,Hx)i->H x (x,y,t), x,yeX,t>0. (63) 

Recall that if (X,p,fi X ) and (X' ,p' , fi x >) are e-pmGH close, then there are 
almost isometries, / : X — > X', f : X' — > X, such that, for any x, y G 
X, x',y' G X' and any measurable S C X, S' C X', 

\d'(f(x),f(y))-d(x,y)\ < e, \d(f(x')J'(y'))-d'(x\y')\ < e, 
d'(f(p),p')<e, d(p,f'(p'))<e, 

Mr\S') < wiST) + e, pxif'-'iS)) < fi x (S e ) + e. (64) 
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Equations (64) imply, in particular, an existence of ce-nets 

{x^Jl C X, {x'^l C X', with \d{x h Xj ) - d'(x[, 4)| < ce. (65) 

We define the topology in the set of the heat kernels, H x (-, •,£), X G QJtSDT, 
in the following way 

Definition 5.1 Let H x {x,y,t), x,y G X, t > 0, and H x >(x', y', t), x',y' G 
X',t > 0, be heat kernels for spaces (X,p,fj,x), (X' ,p' , fix') G TlVJtp. Then 
Hx, Hx> are 5-close, if there are 5-nets {a^jfffi, {x'^lfl in X,X', corre- 
spondingly, which satisfy (65) with 5 in place of ce, and {te}^ which is 
S-dense in [5, <5 -1 ] ; such that 

iHxix^x^t^-Hx^x^x'^tJlKS, l<i,j<I(5), 1<£<L(S). (66) 

5.1 Spectral estimates on WWJt and ^WWJt 

In this subsection, we obtain some estimates for the eigenvalues \ p = \* and 
the corresponding eigenfunctions, <p p = (ft* , p G Z + of the Laplace operator, 
Ax, 

-A X (p P = \ P (p P , 

when (X,p,fi X ) G MM P . 

Our results will be based upon the study of the spectral estimates on ^VJlDJi. 
Recall that 

WM{n, A, D) = {FM : M G Wl(n, A, D)}, 

where the closure is taken with respect to the measured GH-topology and 
FM is the orthogonal framebundle over M equiped with the Riemannian 
metric inherited from (M, h), see end of Section 3. 

First, we recall the Weyl-type estimate for the eigenvalues. To this end, 
introduce the counting function, Nx{E) of X, which is the number of the 
eigenvalues of —Ax, counted with their multiplicities, that are less than E. 

Proposition 5.2 1. There exists c,c,C > such that, for any X G 

MM P , 

\p>cp 2/n , p = 0, 1, . . . , N X {E) < 1 + CE n l 2 , (67) 
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Moreover, denoting D x = diam(X), we have 

\p > cD x 2 p 2 / n . (68) 



2. There exists n F , c F , Cp > such that, for any Y E $9ytWl p , 

\p>c F p 2/nF , p = 0,l,..., N Y (E) < 1 + C F E nF ' 2 . (69) 

Proof. By [7], there is c > such that the estimate (67) is valid for all 
manifolds in WlDJl. In fact, such the estimate is valid even for the class of Rie- 
mannian manifolds with Ricci curvature bounded from below and bounded 
diameter. 

Since the pointed measured GH-convergence implies the convergence of indi- 
vidual eigenvalues, see [24], the inequality (67) for eigenvalues remains valid 
for any {X,p, fix) € 97t97t p . Since the second inequality follows from the first, 
this proves (67). 

To prove (68), observe that if (M, h) G DJIWI, then (M,h), which is obtained 
from (M, h) by homotety, 

~ D 2 
h = — r h, 

M 

is also in Since 

\ P {M) = ^-X P (M), 

M 



this proves the result for WlWl. The case of WlDJl is obtained by continuity. 
This proves the first part of the proposition. 

Since, by Corollary 3.4, the sectional curvature and diameter are uniformly 
bounded on $DJIWI, the proof of the second part is identical. 

QED 

Note that since, for X = Y/0(n), X p = \ p , the estimate (67) is valid for the 
operator A on L 2 (Y). 

Next, we obtain estimates for the corresponding eigenfunctions in various 
functional spaces. Recall that we use the notation (f> p (x) for the eigenfunc- 
tions on X, <f> p (y) for the eigenfunctions on Y and <p p for the eigenfunctions 
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of Aq on Y . Since our results are independent of the parameter p but rather 
the upper bound for X p , we will often skip subindex p. 

We start with the moduli space $WIDJI. 

Proposition 5.3 For any E > 0, there are Cf = Cf(ti,A,D) > 0, sf = 
SF(n, A, D) > such that, for any (FM, Hfm) G an d (p satisfying 

-A Y 4> = \(j>, A < E, (70) 

we have 

4>eCl{FM) (71) 

and 

UWc^fm) < C F (1 + E 2 r/ 2 U\\ LHFM ^ FM) . (72) 



The proof of the proposition is based on the following result: 



Proposition 5.4 There is a monotonously increasing function, C\ = C\(n, A, D) : 
R + ->■ R+, snc/i too*, /or any (FM, hfm) G #971071, y G FM, and r > 

/x FM (S(y,r))>C 1 (r). (73) 



Proof. Since for (FM,/i FM ) G S9Jt9Jt, dim(FM) = £ = n + dim(0(n)), by 
the Bishop-Gromov theorem, 

V~(i%,r)) g(r) 
^(S(y,L> F )) -C7'(D F )' 

where /i is the riemannian metric on FM. Here Dp = sup(diam(FM)), 
when M G QJlOJt, C e (r) is the volume of a ball of radius r in the ^-dimensional 
simply connected manifold with constant sectional curvature — Ap, where A^ 
is the uniform bound for the sectional curvature on $DJV9R, see (43). Since 

V~ h (B(y,D F )) = V~ h {FM), = »~ h (B(y,r)), 



48 



this implies (73) with 



C'(D F y 

QED 

Proof (of Prop. 5.3.) For y G FM, let B y (r) C T y (FM) be a closed ball of 
radius r < ir/Ap. Let /i denote the induced metric (exp x )*/i on B y (r). By 
[2], there are Cq > and < r < 7r/A^, independent on FM G #971071, such 
that there are harmonic coordinates \& : B y (r ) — >■ In these coordinates, 
the metric tensor satisfies 

CV 2 / < < C - 2 /, ||^|| c?w5y(Ro))) < C . (74) 

In following, let #0 = r /2C . Then the ball £(/?(,) C R e satisfies £(#0) C 
ty(B(r /2)). Next, we denote = \I>*(0) , keeping the notation h for the met- 
ric tensor in these coordinates. Below, we use the Lebesgue spaces L P (B(R)) 
and Sobolev spaces H S (B(R)) which are defined using the usual Lebesgue 
measure on B(Rq) C R £ . We note that as the metric h satisfies (74), the 
norms of these spaces are equivalent to the norms in the spaces defined using 

As (f) satisfies (70), we see that e.g. for R ± — (1 — (8£) _1 )-R 

A^0 = A0 mB(Ro). (75) 

Let us now consider radii Rk = (1 — k/(8£))Ro and given by 1/^ = 1/2 — 
k/{2£), k = 0, 1, . . . By Sobolev's embedding theorem, W 2 ^ {B{R k ^)) C 
L qk (B(R k _ 1 )) and thus, the local elliptic regularity estimates, see e.g. [45, 
Thm. 9.4.1], and estimates (74) imply that J G W 2 '«*(jB(.R fc )) and 

IMIw^fcWfl*)) < c m(! + ^ 2 ) 1/2 H?IU 2 -*-i(B(i? fc _ 1 ))' ( 76 ) 

where the constant Ck,e > 0, as well as the other constants appearing later 
in this section, are uniform for FM G #971971. Combining the estimates (76) 
with k = 0,1,..., £, together and using Sobolev embedding theorem once 
more, we obtain that <f> G C 1 (B(R /2)), and 

cmnom) < C ^)( l + E 2 y^H\\ LHB(Ro)h (77) 
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where Si = £ + 1. These provide estimate (77), with s 1 = £ + 1 for any 
FM G 

Next observe that <p satisfies 

Wdidj'i = ]=di (\fffi\h ij ) drf - A J, (78) 

\J\h\ V J 

where the right side is uniformly bounded in C°(B(R /2)). 

Using the same interpolation arguments as in Lemma 4.2, see also [2], [61], 
[64], we obtain that G C^(B(R /A)) and 

HWcumo/4)) < <1 + ^) (S1+1)/2 ||0IU 2 (B( %) ). 

Therefore, we see that the right side of (78) is uniformly bounded in C + 1 (_B(i? /4)). 
Again using the same interpolation type arguments as in Lemma 4.2„ or [2], 
we see that $ G Cf(B(R /8)) and 

U\\cmRo/s)) < c (! + £r i/2+1 H0IU W)) ). (79) 

Here and later by c, C, etc we denote various positive constants uniform on 

Thus, to prove estimate (72) it is sufficient to show that ||0||l 2 (b(r o )) * s un ^" 
formly bounded if ||0||l 2 (fm> fm ) is uniformly bounded. 

To this end we introduce N(G(y)), which is the order of the local pseudo- 
group G = G(y) corresponding to y G M that acts on B(r), < r < r /2. 
Recall that such pseudo-group was introduced in subsection 2.1 and where 
it was denoted Gi being associated with manifold Mj G DJtWl. 

Let now Qf C B(r) be an open fundamental domain of B(r)/G, namely, 

fl> = {yeB(r); d~ h (0,y) < d~ h (g(0),y) for all g G G(y), g ? id}. 
Then, 

V % (tf) = V~ h (B(r)), j u{y) dV~ h (y) = [ u{y) dV~ h (y), 

JQf JB(y,r) 

for any u G L 1 (B(y,r)), u = exp*(w). We then have 

M\UB(r) d v~) ^ N(G(y)) [ $ 2 dV~ = N(G(y)) [ |0| 2 dV~ h . 

50 



Since 

9l (Qf) n g 2 (nf) = 0, if 9l + g 2 , and g(Qf) C £(2r), for g <E G, 
we have 

V^(S(2r))>JV(G(y))^(S(x,r)). 
Therefore, for < r < r /2, 

Here, at the last stage, we use (73) and (74). This estimate, together with 
(79), implies (71). To obtain estimate (72) we observe that 

|M|c°.i(FiW) < II ex Py u l|co.i(B(r /8)- 

QED 

Remark 5.5 Using a proper definition of the global C 1 ' 1 -spaces, a slighly 
more delicate analysis shows that estimate (72) is valid for the C 1,1 -norm of 
(p. Moreover, using local definition of C^-spaces, we can obtain from the above 
proof that the uniform estimate (72) remains valid in the local C^-spaces. 
However, since our principal goal are the estimates on VJlTt, where spaces 
C k ' a (X), < a < 1, are not defined for k > 0, we restrict our considerations 
to the space C ' 1 . 

Here we provide the proof of estimate (72) for Y G ^TlVJt. 

Lemma 5.6 There are Cp = C(n,A,D), s F = s(n,A,D) such that, for any 
E > 0, (F,/iy) e pi, 

U\\c°,i(Y) < C F (1 + E 2 )^ 2 U\\ LHY ^ Y) , (80) 

cf. (72) 



51 



Proof. Due to (42) and Proposition 5.3, it is enough to consider Y G 
$Wim. Let (Y,(i Y ) be the limit of (FM k ,Jl k ) G $DJIWI in the measured GH 
topology and let 

£k = d pmGH (Y,FM k ). 

Then, e k — > as k — > oo. Denote by f k : FM k — > Y a regular fibration of Y 
which enjoys properties (64) and we take into account that the existence of 
such fibration for Y is analogous to that for X. 

Let be an eigenfunction of Ay, corresponding to an eigenvalue A < E, i.e., 

-Ay0 = A0, U\\ L 2 {Y) = 1. 

By [24], there exists 5 k > such that lim^oo 5 k = and there are 

(f) k G C k (X - 8 k , A + 8k), ||0fc||L 2 (FM fe ) = 1, 

satisfying 

\\Jk{4>) ~ 0fclU 2 (FM fc ) < 8 k . (81) 

Here and later, for a < b, a,b ^ spec(— ApM k ), we denote by C k (a,b) = 
£FM k (a, b) linear combination of the eigenfunctions of —A F M k corresponding 
to the eigenvalues in the interval (a, b) and define similar spaces £y(a, b) for 
Y G pM p . 

Let f' k be a (non- necessary continuous) right inverse to f k , 

fk°f' k = idy. 

Denote 

4>'M = M'M), y^Y. 

Observe that 

\\fk$ k ) - Ml°°(fm„) < c(l + £ 2 r /2 £ fc , (82) 

where c = c(E),s = s(E) are uniform on $DJIWI. Indeed, for any y k ,y' k G 
f^iv) formula (64) yields d FMk (y k ,y' k ) < ce k . This, together with the uni- 
form Lipshitz continuity of functions 4>FM k , see (67) and (72), yield 

\\^k\\c°^(FM k ) < c (i+£ 2 r/ 2 ii0 fc || L 2 (FM k ), 4>k G C FMk {-l, E). (83) 
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This implies the inequality (82). Therefore, 

\\fm)-fa\\ L > { FM k )<c(l + E 2 y/ 2 e k , 



where c and s are uniform constants on $WlDJl p . In view of (81), this implies 
that 

\\fM-4>)\\L^FM k) <c{l + E 2 f 2 {5 k + e k ). (84) 

On the other hand, there exists a subsequence, k = k(p), and a function 
4>' G C 0,1 (F) such that, for any y G F, 

lim <j/ k (y) = 4>'{y). 

fe— >oo 

Indeed, choosing a dense subset {y p } p x L l C Y and using the diagonalization 
procedure we find k = k(n), k{n) — > oo as n — )■ oo such that for all p G Z + 
there exists limits 

4>\y p ) = lim ft k{n) (y p ). 

Using the uniform Lipschitz bound (83), the estimate dFM k (yk,y' k ) < c£ k, f° r 
yk,y'k G an d the definition of the GH distance, i.e. the first equations 

in (64), we see that 

W Kn) {y) - &(„)(!/') I < c(l + £ 2 ) s/2 (e fc(B) + dy(y,i/)) , G F. 
Thus, we extend 0' from {?/p : p G Z + } C Y to the whole space F so that 

- 4>\y')\ < c(l + E 2 ) s ' 2 d Y {y,y'), for all G F. (85) 
Moreover, the above two inequalities yield that 

ll&M " ?IU~(r) <c(l + i? 2 ) s/2 £ fc („), 

so that 

ll/fc(n) (Sfc(n) - ?) IU°°(FM fc(n) ) < c(l + E 2 ) S ' 2 E k{n) . 

Comparing this inequality with (84), we see that 

Il7fc(n) (?-?') hHFM Hn) ) ^0 as n ->■ oo. (86) 
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Recall that satisfies (70) where the coefficients of Ay satisfy h, py G C%(Y) 
and thus <fi e C^(F). This, (86) and the second equation in (64) corre- 
sponding to the measured convergence (FMk,j2k) (F, fj,y) implies that 
0( y ) = for all y E Y. By (85), this yields (80). 

QED 

Considering we obtain 

Corollary 5.7 For any E > 0, (X,p,fi X ) £ ^01TI P , and eigenfunction <p, 

-A X (j) = \<f), A < E, 

we have 

U\\co. H X) < C F {1 + E 2 )^^^ (g7) 

where constants Cp,sp are the same as in Proposition 5.3. 

Proof Estimate (87) follows from (72) if we take into account (48), (240) 
and (243). 

QED 

Analysing the proof of Proposition 5.3, Lemma 5.6 and Corollary 5.7, we 
obtain 

Corollary 5.8 Let u G £y(— oo, a), a ^ spec(—A Y ) or u e C x {— oo, a), a ^ 
spec(— Ax). JTien estimates (80) and (87) remain valid for u, u, correspond- 
ingly. 



5.2 Spectral convergence on #93H)T and DJWJl 

Recall that if M k — > X in 37t9Jl p , i.e. in the pointed measured GH-topology, 
then FM k ->■ F in pM, with X = YfO(n). Moreover, we can choose C ' 1 
regular approximations, f k , f k which satisfy properties described in Theorem 
2.5. 

Using the pull back of f k and of f k , we define 

£*M) = /* (C x (a,b)) c C - 1 ^) c L 2 (M fc ), 
££M) = (£y(a,6)) C C^FM*) C L 2 (FM k ) 
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For linear space Z C L 2 (X) we denote by B(Z) the unit ball of Z, that is, 
the intersection of Z and the unit ball of L 2 (X) and similarly for Z C L 2 (Y). 

Proposition 5.9 1. LetY\m. k ^ > . 00 (F ] M k ,Ji k ) = (Y, /iy) m i/ie measured GH 
topology. Assume that a, b G R satisfy a < b and a,b spec(—A Y ) ■ 
Then, for any < a < 1, 

5% := d ca{FMk) (B(C* k (a, &)), B(C k (a, &))) -> 0, as k ^ oo. (88) 

2. Lei lim fe ^ 00 (M fe , /i fe ) = (X,fj,x) in the measured GH topology. Assume 
that a, 6 G R satisfy a < b and a,b ^ spec(— Ax)- Then, for any 
< a < 1, we have 

5% := dc-(M fc ) (BOCJUa, 6)), 8(£ fc (a, 6))) -> 0, as k ^ oo. (89) 

Here and later, if Si, £2 C .M, where .M is a metric space, then dj^i^i, S 2 ) 
stands for the Hausdorff distance between Si and S 2 - 

Proof. 1. It follows from [24] that, for large k, we have a, b ^ spec(A FM J, 
dim(£fc(a, &)) = dim(£(a, b)), and 

e k := d L 2 {FMk) (B(C* k (a,b)), B(£ k (a,b)) ->■ 0, as fc ->■ 00. (90) 
Our aim is to show that this implies that 8% — >■ 0. 

We start with a = and assume that (88) does not hold. Thus, without 
loss of generality, there is 8 k = such that, for any k there either exists 
u k G B(£ k (a,b)) such that 

5 ~ 
||«fc -u* II c(FM fc ) > —, for all G B(C* k (a,b)), (91) 

or there exists G £>(££(a, 6)) such that 

ll^fc - u\\c{FM k ) > — , for all m G B(£ k (a, b)). 

Without loss of generality we can consider the case where there exists u k G 
B(C k (a,b)) such that (91) hold for all k. On the other hand, by (90), for all 
k there are v% G B{C* k {a, b)) such that 

\\uk - v* k \\ L 'Z(FM k ) < 2£fc- (92) 
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However, by (91), there is y k G FM k with \u k (y k ) - v* k (y k )\ > 4/2. Due 
to the GH convergence of FM k to Y, uniform Lipschitz estimate (72), (80), 
together with (64), imply that there is c = C(l + b 2 ) s l 2 such that 



5° 

My) - v* k (y)\ > j, for all y G FM k with d k (y k ,y) < \c 5 k . 



Therefore, taking into account that p k = 1 on FM k and using (73), there is 
a uniform constant c\ > 0, such that 

ll"fc - Vfcllia(FM fc ,w) > CiC'i (| c o^°) ^ fc ) 2 - 
Comparing this estimate with (92) we see that, with some C{b), 

S k < C{b)ef n+2 \ (93) 

proving (88). 

On the other hand, it follows from Theorem 2.5 (2), that, for large k 

||^(-oo, J E))|| c «u (F M fc )<2C F (l + J E 2 )^ 2 . 

Interpolating this inequality with (93), we see that 8 k — )■ 0, as k — > oo, a < 1. 
2. Due to the fact that f k are 0(n)-maps, see Theorem 2.5, 

fk '■ L 2 (Y) — >■ L 2 (FM k ). 
Therefore, it follows from [24] that 

d L 2 (FM k ) (^(^fc,o( a ' & ))> S(A,o(a,6)) ->■ 0, as A; ->■ oo, 

if a, 6 ^ spec(— Ay). Here e.g. C k! o(a>, b) is the subspace of L 2 (FM k ) spanned 
by the 0(n)-invariant eigenf unctions of —ApM k - Using the same arguments 
as above, we see that, for any < a < 1, estimate (88) remains valid for 
C* k (a,b)) and C k (a,b)) replaced by C* k0 {a, b)) and C kj o{a,b)). 
In view of Theorem 2.5 these imply estimate (89) due to (238) and (243). 

QED 

Consider now the general case and assume that 

dpmGH ((X k ,p k ,fj, k ), (X,p,nx)) ->• 0, as k ->■ oo, (94) 
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where X k ,X E 9Jt97t p . Our goal is to obtain an estimate similar to (89) for 
this case. As for the case of (X,p,/i x ) = lim pm aff(M fe ,p fe , we start with 
analysing the case 

(Y : J1y) = lim (Y" fc ,/iy) in the mGH-topology, 
where we write fly for the measure on Y k . 

Lemma 5.10 1. AssumeY e #071%, a, b £ spec(-A Y ), andY k e $Wim p 
converge with measure to Y . Then, for any < a < 1, 

:= dc°(Y k ) (B{C* k {a, b)), B{C k (a, &))) ->• 0, as k ->• oo. (95) 

2. Assume X G 9Jt97t p , a, 6 ^ spec(— Ax) e 3J19JI P converge to X 

in the sense of (94)- Then, for any < a < 1, 

K ■■= dc«(x k) (B(C* k (a, &)), B(C k (a, 6))) ^ 0, as k -+ oo. (96) 

Proof. 1. As earlier, we start with the case a = 0, 5 k = 5 k . Assuming the 
opposite, we can assume, without loss of generality, that there is 5 > such 
that 

d c(Yk) (B(C* k (a,b)), B(£ k (a,b)j) > 5 , for all k > 1. (97) 

Approximate, in the measured GH-topology, (Y k , fx Y ) by (FM k , fl k ) e JOJtOJtp, 
and let A^ stands for the Laplacian on FM k . Denote by C kk (a,b) C 
L 2 (FM k ) the eigenspace of — A fefc corresponding to the eigenvalues in (a, 6), 
and by 

£fckM) = fkk (AM)) , 

where : FM^ — > Y k is the regular approximation described in Theorem 
2.5, (28) with e k changed into e kk . Moreover, we can assume that 

d LHFMk) (B(£3U(o, 6)), #(£ fcfc (a, 6))) < 1 (98) 

Let 

fk '-Yk ^ Y, 
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be a £fc-Riemannian submersion, satisfying (28) and providing the measured 
GH-convergence of Y k to Y, which is guaranteed by Corollary 2.7, (1), with 
Y k , Y instead of X k , X. We can assume f k to be an 0(n)-map. 
Consider 

fkk = fk o fkk ■ FM k ->■ y, 

which provides a regular e fcfe -Riemannian submersion of FM k to Y, e kk — >■ 0, 
as — >• oo. Therefore, 

lim rf L 2 (FMfe) (i3(£ fcfe (a,6)), #(££ fefc (a, &)) ) = 0, 

k— »oo \ / 

where £ kk (a, b) is the eigenspace of — A fefc corresponding to the interval (a, 6) 
and 

6) = 7^(A(a, 6)) = / fe * fc (^(a, 6)). (99) 
This, together with (98) implies that 

lim d LHFMk) (B(C* kk (a,b)), B(C* kkk (a,b))) = 0. 

fc— »oo \ / 

On the other hand, estimate (97) together with definition (99) yields that, 
for large k, 

dc(FM k ) (B(£* kk (a,b)), B(£* kkk (a,b))) > 5 /2. 

Similar arguments to used in the proof of part (1) of Proposition 5.9 show 
that the above two equalities lead to a contradiction. This proves (95) for 
a = 0. 

To obtain the result for any < a < 1, we use again the fact that, due to 
Corollaries 5.8 and 2.7, (1), there is c b F > such that, for large k, 

\\B(£l(a,b))\\co, HYk) < c b F , \\B(£ k (a,b))\\ c o, HYk) < c b F . 

(2). Since f k is an 0(n)-map, estimate (95) remains valid with C* k Q {a, b) and 
£k,o(a,b) instead of C* k (a,b), C k (a,b). 

Denote ir k : Y k — > X k = Y k /0(n). Then (95) for the 0(n)-invariant functions, 
together with (240) and (241) proves (96). 

QED 
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Remark 5.11 If X = lim pmG ^X fc = {point, 1}, then L 2 (X) = R and Ax = 

0. Thus, the only eigenvalue is Ao = with the corresponding eigenfunction 

1. Due to (68), (96) remains trivially valid with, when k is sufficiently large, 
with C k (a,b), C* k (a,b) consisting of constant functions, if G (a, b), and of 
only 0-function, if ^ (a, b). 

Denote by f' k : X — > X k the almost right inverse to f k , i.e. f k , f' k satisfy 
conditions (64) and 

dk(xk,f'k o fk(xk)),d x (x,f k of' k (x))=e k ->0, as k ->• oo. (100) 

Then using (96) and the uniform C 0,1 -boundedness of B(£ k (a, b)), £>(£(a, b)), 
see Corollary 5.7, we obtain 

Corollary 5.12 Let (X k ,p k , fi k ), {X,p, fix) £ 37t97l p; be such that (X,p, fi x ) = 
limfe_ 5 . 00 (Xfc,pfc,/i / fc) m £/ie pmGH-topology. Then, there exists a k — >■ ; as 

d L ~ w (s(£'I(a, 6)), £(£(a, 6))) < <r fc , (101) 

where 

F k {a,b) = {f' k T{C k {a,b)). 
Moreover, there is c > 0, such that if dx(x,x') < a k then for all u* k G 

- — - * 

B{C k {a,b)) we have 

\ul(x)-ul(x')\<ca k . (102) 

Proof The first claim follows from by uniform C 0,1 -continuity of B(C(a,b)) 
together with (96) for a = and (100). 

To prove (102) we also use the uniform C 0,1 -continuity in £ k (a,b), C(a,b) 
together with (101). 

Remark 5.13 Added in proof to [24] is the note that the given formultion 
of Theorem (0.4) (C) is incorrect. However, it follows from Corollaries 5.8 
and 5.12 that, for our special choice of f' k , 

d L 2 (x) (B(£'* k (a, &)), B(£(a, &))) ->■ 0, as k ->■ oo. 
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Our next goal is to obtain continuity of the eigenfunctions in L°°-norm, with 
respect to the measured GH distance which is uniform on WlVJlp. 

Definition 5.14 Let (ag, be), £ = 1, . . . , L, be a finite collection of open in- 
tervals, and de, £ = 1, . . . , L, be positive numbers. Denote the set (ag, bi, dg)f =1 
by X. Then we define 

MM X = {X e MM P : d (spec(X), {a,,}) > d e and d (spec(X), {bg}) > de}. 



Note that 9Jt9Jtx is closed and thus compact with respect to the pointed 
measured GH-topology. 

Corollary 5.15 Let X = [ae,be,de) L l=x and J = {ae,be,d! t )\ =1 , de > d' e . 
Then, for any e > there is a = ax,j{s) > such that, if X £ OJlOJtx 
and d pm GH(X, X') < a, then X' G VJlWlj and X and X' satisfy 

dim(C x {ae,b e )) = dim(£ x/ (a e ,be)) := n(£). 

Moreover, there are measurable maps f : X — > X', f : X' — > X , which are 
e- approximations satisfying (64) and (100), with e in place of e^, such that 

d L °°(x) (B(f*(£x>(a e , b e ))), C x (a e , b e ))) < e, (103) 
d L -&>) (B((f)*(C x (ag,bg))), C x ,(a t ,b t ))) < e. 

In addition, for any £ = 1,...,L, if faf, % = l,...,n(£), and <f>' ie , i = 
1, . . . , n(£), form an orthonormal eigenfunction basis in £ x (ag, be), C x >(ag, be), 
correspondingly, then there exist orthogonal matrices 

Vt = [u^lfl, e 0(n(£)), U'e = [«y$li e 0(n(£)), 

such that = Y!j=i u ijf*(<l>j,e) sa ^fy 

- <f>*,e\\L<~(x) <e, i = l,..., n(£), £ = 1, . . . , L. (104) 

Similar result is valid for (f')*(<f>j,i), if we use V e . 

Proof By compactness arguments, the first statement of the corollary follows 
immediately from Theorem (0.4) (A), [24]. 
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To prove the second statement, in particular, (103), assume that there are 
e > 0, X k , X k and 5 k — > such that d pm GH(X k , X k ) < 5 k , however, (103) is 
not valid. Without loss of generality, we can assume that X k , X k — > X, with 
respect to the pointed measured GH-convergence and f k : X k — > X k , f' k : 
X k — > X k which provide ^-approximation, are of the form 

fk = fkk ° f kk f' k = fkk ° f kk -, 

where 

fkk'- X — >■ X k , f' kk : X k — > X and f kk : X — > X k , f' kk : X k — > X, 

provide (5fe/4)-approximation, in the sense of definition (64), of X,X k and 
X,X k , correspondingly. Note that, if f kk , f' kk and f kk) f' kk are 5/4- almost 
inverse of each other in the sense of (100), then f k , f' k are ^.-almost inverse. 
Indeed, say, 

dk(f'k ° fk(xk), x k ) = d k (f kk o f' kk o f kk o f kk (x k ),x k ) 

< dx{f' kk o f kk o f'kk ° fkk ° f'kkM, f'kk( x k)) + 4<** 

< d x(fL o fkk o f'kkM, f'kkM) + \h 

3 3 

< dk(f'k k (xk), f'kk( x k)) + = -S k . 

As for the measure closedness, by Lemma 2.10, (<5fc/4)-closedness of measures 
fix and fi k with respect to f kk and fix and fi k with respect to f kk imply 5 k - 
closedness of measures fi k and fx k with respect to f k . 

Then, by (101), we have 

d L ~(X) (B(r kk (C k (a e ,b e ))), B(f* k (£ k (a t ,b e )j) -+ 0, as k -+ oo, 

where C k (a e ,b e )), C k (a e ,b e )) stand for C Xk (a e ,b e )), C^ k (a e ,b e )). Using argu- 
ments similar to those leading to (102), we show that 

dL°°(x k ) (B(fZ(C k (a e , h))), B(C k (a e , ^0 as k ->■ oo, 

To prove the last statement of the corollary, recall that, due to the mea- 
sure convergence in (64) with a on place of e and uniform continuity (87), 
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/*(<^)> j = h---,n(£), satisfy 
Jx 



IJ ■ 



as d pmGH (X,X') ->■ 0. 



Together with (103) this implies the existence of = Ve(X, X'), £ = 1, . . . , L, 
such that for i — 1, . . . , n(£), 



5.3 Heat kernel convergence 

In this subsection, we consider the continuity of the heat kernel, Hx(x,y,t) 
with respect to the pointed measured GH-convergence on 9Jt9Jt p (n, A, D). 
Recall that the heat kernel on X can be written in terms of eigenfunctions 
and eigenvalues as 



where the eigenfunctions <j) p , p = 0, 1, ... , form an orthonormal basis in 
L 2 (X,fi x ) and A = and O = 1- 

Proposition 5.16 For any < a < 1, there exists C(o) > and s F > 0, 
introduced in (80), such that, for any E > and X G VJHVJl p , 



H x (x,x,t) - e~ Xpt (p p (x)(P p (x)\ < C(a) [l + 1~ W 2 + 2 ^)] e^ 1 '^.^) 



II0M ~ <^IU°°P0 -> 0, as d pmGH (X, X') ->■ 0, 



which implies (104). 



QED 




(105) 



p=0 



Proof. For any x, x G X, 



^ exp (-\ p t)<f> p {x)<f> p {x) < exp(-Apt)|0 p (x)||0p(x)|, 
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where we choose (1 — a/2) < a < 1 such that aE spec(— A x ). Using (80), 
this yields that 

exp {-\t)<t> p {x)4> p {x) <C 2 F [ (1 + \ 2SF ) exp (-At) dN x (X), 

J\>aE 



X V >E 



where constants Cp, Sp are the same as in estimate (80). Integrating by 
parts, we see that 



^2 exp(-\ p t)(f) p (x)(f) p (x) 



(107) 



< 



Ci f exp (-At) [t(l + \ 2 ) SF - 2s f \ 2sf - 1 ] N x (\)d\ 

< C 2 (1 + 1) [ exp (-At) (1 + A n/2+2s ^) dX, 

where at the last stage we use (67). As 

exp (-At) < exp (-(1 - a)Et) exp (-aXt/2), for A > aE, 
estimate (106) follows from the above inequality. QED 

Theorem 5.17 For any e > 0, there is 5 = 5(e) > such that, if X,X' E 
VRDJlp satisfy d pm GH{X,X') < 5, then there are e-nets {xi} 1 ^ C X and 



{rfj}\=l C X' satisfying (65) and 



\H x (xi, Xj,t) - H xl (x[, x'j, t)| < e. , for t > e. 



(108) 



Proof. By Proposition 5.16 with a = 1/2, for sufficiently small Tand E = 
E(e) = ce~ 2 , the right-hand side of (106) is smaller than e/4 for any X e 
WlDJlp, t > e. 



By (67), for any X G TlTl p we can choose in the interval (— l,ce~ 2 + 
4(T /3+n / 2+1 ), where f3 > is to be chosen later, the subintervals (a^, 6^), £ = 
1, . . . , L — L(X), with the following properties: 

(i) bi - a t < P, 

(ii) a e+1 >b e + 4eP +n+1 , 
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(iiii) spec(-A x ) n (-00, ce 2 ) C Uf =1 (a e ,b e ), 
(iv) d(spec(-A x ), a,), d(spec(-A x ), b e ) > 4e^ +n+1 , £ = 1, . . . , L. 

Note that this system of subintervals, associated with X, satisfies conditions 
of Definition 5.14 with dp = 4e P +n+1 . Denote it by X = Z?(X) and consider 
yjlDJlz. Choose d' e = 3e ~i 3+n+1 to define the corresponding J{X). Then there 
is t = t(T(X), e, 0), such that, if 



X' G U T:X (VJlWl x ) = {X' : d pmGH (Wl9Jl x , X') < r}, 



then X' G WWJlj(x)- Clearly, {U T ,x '■ X G VJtTlp} form an open covering of 
yytWlp. Choose a finite subcovering, U±, . . . ,U N , N = N(e). Observe that 



Uk C WWJlj^x), for some X = X^. 

Then, due to Corollary 5.15, there is Uk > so that if d pm GH{X, X') < 

Ofc, X G Uk, then equations (103), (104) are valid with e = e™ 1 (and d" = 
g ince 

TV 



U u k = wim p , 



k=l 



taking a(e) = min a"fc, we see that, for any X, X' G 9Jt97t p , if d pm GH{X, X') < 
a(e), equations (103), (104) are valid with e — e n . Also there is k such that 

x,x' eu k . 

Consider 



E e-^<t> p {x)<t> p {x)- e-^%{f{x))<t>' p {f{x)) 



X v <ce 2 X p <ce 2 

L 



(109) 



E( E e e- A ^;(/(^))0;(/(^)) 

where / : X — > X f , f : X' — > X are almost inverse a- approximations. We 
analyse each term in the right side of (109) separately. 

First, observe that for t < \ p , \' p G (a e , b e ), 

max(|e- A ^ - e~ a % |e" A ^ - e~ att \) < c{(3)e ^) e -^\ 
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Using (80) together with (67), we see from the previous equation that replac- 
ing in the right side of (109) the exponents e~ Xpt and e~ Xpt by e~ ait gives rise 
to an error which can be estimated by CiT^ -1- ™ -25 ^ for any t < Let 
us next use j3 = 3 + n + 2sp- Then there is £\ such that, for e < £i, 



E E ( e_v - e ~ ait ) 

1=1 \ p (z(a£,b() 
L 

-E E { e ~ Kt - e ~ aet ) W*M(f<*)) 

1=1 \' p G(a e ,b e ) 



e 

< 16' 



Next, observe that 

n{t) (n{€) \ ln(i) \ n(t) 

E E I • I E^Wm)^ I =EW(Wj(^- 



i=i 



fc=i 



This equality, together with (80) and (64) with e = e 13 implies that, that 
there is < £ 2 < £i, such that for £ < e 2 

\H x (x,x,t)-H x ,(f(x)J(x),t)\ 

1 L n(<) 

i=i i=i 

Therefore, if equation (104) is valid with e = E 13 , there is e 3 < £ 2 so that, for 

e<e 3 



\H x (x,x,t)-H x ,(f(x),f(x),t)\<e, 



(110) 



for e < t < e 1 . 



Note also that Ao = A' = 0, 0o(^) — 0o(-^ 1 ( a; )) — 1 an d, for p > 1, A p > c > 0, 
where c is the same constant as in (67). Therefore, it follows from (80) that, 
there is < e 4 < e 3 such that if e < £4, then 

\H x (x,x,t) - 1| < e/2, l^x'^',^^) - 1| < e/2, 
for i > £ -1 , x, y E X, a/, a? G X'. 

This implies inequality (110) for all t > e". Thus, we see that ifx, -^x' satisfy 
(110) for t > e, ii 5 < 5 X = a(e 3+n+2sF ), e< e 4 . 
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At last, choosing {xi}^} C X to be an s/2-net in X, we see from (64) that, 

for S < 5(e), the set {/(^i)}^=2t C X is e-dense in X'. Due to the compactness 
of Wiyytp, 1(e) can be chosen informly on WlDJt p . 

QED 

Next we obtain an estimate for the continuity of the heat kernel: 

Corollary 5.18 Let X G VJlTlp and t > e . Then there is a > such that for 
any x, x', x, x' G X, t, t' G (e, e" 1 ), such that dx(x, x') + d x (x, x') + \t — t'\ < 
as, we have 

\H x (x,x,t)-H x (x',x',t')\ (111) 
< c(a)e^ {2sF+n/2+2) (d x (x,x') + d x (x,x') + \t - t'\) . 

Proof. Similar to the proof of Proposition 5.16, we see that, up to an error 
of order ^e(d x (x, x') + d x (x,x') + \t — t'\), we can approximate, for t > e. , 
the heat kernels H x (x,x,t), H x (x', x', t') by their eigenfunction expansion 
with A < ce~ 2 . Next, using (80) we obtain, similar to (107), that 

\H x (x, x, t) - H x (x', x , t')\ (d x (x, x 1 ) + d x (x,x') + \t-t'\)~ 1 
< (- e + C(l + t) f e~ xt [1 + A 2 ^ +1 ] N x (\)d\] . 

\ 4 Jc<X<c's- 2 J 

Using (67) and integrating the right-hand side, we obtain, for t > e , estimate 
(111). 

QED 



6 From the local spectral data to the metric- 
measure structure 

In this section we consider the inverse spectral problem on TlVJlp. 

Definition 6.1 Let Q C X G VJlDJlp be open and non-empty. The set 
(Q, (Afc)^ , (0fc|n)fcLo) i s ca tt e d the local spectral data (LSD) for X. 

Moreover, if (SI, (A fc )£=i, (<t>k\ n)T=o) and (tt, (A')£°=o, ((f>'\n')? =0 ) are the LSD 
of (X,fi) and (X',fi'), correspondingly, we say that these data are equivalent 
in map : Q — > Q' , if is a homeomorphism, A& = X' k , k = 0, 1, . . . and 

*n(0'fc|n') = 0fcb, for all k = 0,1, ... . 
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Our aim is to prove the following the uniqueness result for the inverse prob- 
lem: 

Theorem 6.2 Let (SI, (A fe )£° =0 , ((f> k \n)%L ) and (SI', (\')f =0 , ((/>%>) f =0 ), where 
SI C X reg , SI' C X' reg , be the LSD of(X,n), (X',n') e MWl p , correspond- 
ingly, and assume that these data are equivalent in homeomorphism ^ : 
SI — > SI'. Then there exists a measure-preserving isometry, ^ : X — > X' , 
such that = ^/q, i.e. 

d X '(V(x), = d x (x,x), x,xeX, /i = #*(//)■ 

Moreover, ^ : X reg — > X' reg is a C^-Riemannian isometry. 



Corollary 6.3 Let (X,p, /i x ), (X' ,p' , nx>) G TIM P . Let z a , z' a , a = 1,2, ... , 
be dense in SI = B(p,r), SI' = B(p' ,r), r > 0, correspondingly, while tg, £ = 
1,2,... be dense in (0, oo) . Assume that 

H x (z a ,z/3,t e ) = H X '(z' a ,z' ,ti), a,(3,£ = 1,2, . . . . 

Then the conclusion of Theorem 6.2 remains valid and, in addition, ^n(p) = 

v 1 . 

Proof of Corollary. By Lemma 4.7, the conditions of the corollary im- 
ply that Xj = X'j, (j)j(z a ) = (j)'j(z' a ), a = 1,2,..., j = 0, 1, ... , where the 
last equality is considered modulus an orthogonal transformation in C(\j) 
and, without loss of generality we assume this transformation to be equal to 
identity. By closure in M°° of the set Q(z a ) = &(z' a ), a = 1, . . . , where 

<&(*) = (Ux))7= > $ V) = WV));° =0 ( 112 ) 

we obtain that the images = &(S}') C M.°°. Since SI, Si' are compact, 

by Lemma 4.4, there exists J C Z+, such that $j : SI ->■ R J , $j : SI' ->■ IR J , 
where = (0i(i)(x), . . . , 4>i(j)(x)), and similar for $j, are homemor- 

phisms on their images. Then these images coincide and 

*|n = (^j)" 1 o$ J : ft^fi' 

is a homemorphism. By Remark 4.9, we find d = dim(X) = dim(X') and, 
again by Lemma 4.4, 

n x re9 ) = &j(si' n x' reg ). 
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Then 

is a homeomorphism which satisfy conditions of Theorem 6.2, with f2 fl 
X re \ Q' n X' re a in place of ft, Q'. 

Using Theorem 6.2, we find d x , d x > on ). Since Q = B(p,r), Q' — 

B(p',r), we see that ^n(p) = V '■ 

QED 

The proof of Theorem 6.2 is rather long and will consist of several parts. 



6.1 Blagovestchenskii identity on 9JWJl p 

For (X,fj,x) £ OJlOJtp consider the following initial-boundary value problem, 
IBVP, 

(Of - A x ) u(x,t) = H(x,t), inXxM + , (113) 
u\ t=0 = u , d t u\ t=0 = Mi, 
with H E L 2 (n xR + ), where 

L 2 (W x (0,T)) = {H e L 2 (X x (0,T)) : supp(iJ) C W x (0,T)}, 

■u £ H X {X), M i -^ 2 (^0- We denote the unique solution of (113), when 
Uo = Ui = 0, by u H (x,t). Sometimes, we denote it by u H (t) = u H (-,t). 
Recall that, 

oo 

u H (x,t) = j>f (f)&0r), uf (f) = fcWrf.)- (H4) 

i=o 

Lemma 6.4 ^4sswne £/ie we are owen I/ST* (6.1), that is, Q C X re9 and 
(Aj)°^ , (0j|n)jLo» an d H -^ 2 (^ x These date determine the Fourier 

coefficients uf{t), t e M of u H {t) e £ 2 oc (^ x K+) ^ to £/ie unknown multi- 
plicative constant Co > 0. 

Proof By Lemma 4.6, LSD determine the metric ft, and the density p. We 
have 

(d 2 + Aj) «f (t) = (d 2 + Aj) / « H (x,t)^-(a;)p(a;)d^(a;) 
= - (<9 2 + A,) / u H {x,t)<j>j{x)p{x)dV h {x), 
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where 

c = cV(X), (115) 
with c defined in (56). Continuing the above equality, we have 
{dl + Xj) uf(t) (116) 

' H(x,t),<f)j(x)p(x)dV h (x) + - [ (A x + Xj) u H (x, t)(f)j(x)p(x)dV h (x) 

c o Jx 

H(x, t), (f)j(x)p(x)dV h (x) + — I u H (x, t) (A x + Xj) <pj(x)p(x)dV h (x) 
c o Jx c o Jx 



= — / H(x,t)<t)j(x)p(x)dV h [ 
co Jn 



x). 



where we make use of (113). Since uf(-,0) = d t uf(-,0) = 0, equations 
(116) imply that 

uf(t) = -ff ~ f) H(x, t')4>j(x) p(x)dt'dV h (x). (117) 

c o Jo Jn v Xj 

This equations shows that LSD determine c uf(t), j — 0, 1, 

QED. 

Let now (Q, (X k )? =1 , (<f> k \n)? =1 ) and (SY, (A')£°=i, (0V)*°=i) be LSD of the 
orbifolds X, X' , correspondingly, and assume that = X'k, k = 1,2,... 
and there is a homeomorphism ^/q : Q — > Q' such that 

tfnMfclnO = <Pk\n, k — 1,2, — 

Then the above Lemma implies that 

c' uf'(t) = c uf(t), if H' := (^)*(H) e £ 2 (^' x R+). (118) 

Remark 6.5 Formula (117) implies that 

U H (x,t) e C(R + ,H 1 (Q))nC 1 (R + ,L 2 (Q)). 
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6.2 Approximate controllability 

Definition 6.6 Let W C X be open, W ^ 0. The domain of influence of 
W mX at time T, X(W, T) is the set 

X(W, T) = {xeX : d(x, W) < T}. 

Return to IB VP (113). We have the following generalization of the classical 
result on the wave propagation. 

Lemma 6.7 LetW C X be open. Assume supp(uo), supp{u\) C W, supp(H) C 
W xR + . Then, for any T eR, 

supp(u(;T)) C X(W, T). 

Proof. We start with IBVP on Y G 

(d?-A Y )u*(y,t) = H*(y,t), in Y x R + , 
u*\ t=0 = u* (y), d t u*\ t =o = u\(y). 

Since p*, h* G C^(F), a slight modification of the classical results shows that 

supp( M *(-,T))cr(^*,T), 

where W* C Y and Y(W*, T) is the corresponding domain of influence. 

Observe that, using the Fourier decomposition, if Uq, Uq, H* are 0(n)-invariant, 
then, for any t, u*(t) is also 0(n)-invariant. Thus, if Mq = n*(uo), u\ = n*(ui) 
and H* = n*(H), by (239), we have u(t) = n*u*(t). Let W* = n'^W). 
Then, by (241), for any T G R+, 

Y(W*, T) = 7T- 1 (X(W / ",T)), 

so that u(T) = outside X(W,T). 

QED 

Next we prove Tataru's controllability result. 

Theorem 6.8 Let W C X be an open set. Then the set {u H (-,T) : H G 
Cl(X x (0,T))}, supp(H) CW x (0,T), zs dense in L 2 (X(W,T)). 
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Proof Let first W* be an open subset of Y and consider the set {(u*) H *(-, T) : 
H* G Cl{Y x (0,T))},supp(#*) C W* x (0,T). Since p* , h* G C 2 (Y), the 
classical Tataru's unique continuation result, see [60], remains valid for this 
case. Using the standard duality arguments, see e.g. [41], sec. 2.5, this 
implies that, for any a* G L 2 (Y), supp(a*) C Y(W*,T) and e > 0, there is 
H*(a*,e) G Cl{W* x (0,T)), supp(#*) C W* x (0,T), such that 

\\a*-(u*) H *(T)\\ L i {Y) <e. (119) 

Let now W* and a* be 0(n)-invariant, i.e. W* = 7r -1 (W), W C X, and 
a* = 7r*(a), supp(a) C W. Denote 

H (a,e) =F (H*(a*,e)), supp(H ) C W* x (0,T), 

where the last inclusion follows from (44) together with 0(n)-invariance of 
W*. In addition, see considerations following (44), H (a,e) G Cf(W* x 
(0,T). 

By (237) we then have 

Po{(u*) H *(T)) = (u*) H °(T), 

which, together with (119) and a* G Lq, imply that 

\\a*-{u*) H o(T)\\ LHY) <e. (120) 

Let H(a,e) = 7r* (H (a,e)). Then, using again (239), we see that 

(u*) Ho (T) = 7t*(u H (T)). 

This, together with (120) and a* = 7r*(a), shows that \\a - u H{a > e \T)\\ < e. 

QED 

Lemma 6.9 For any open W C f2 and s > 0, there exist {Fk}^ =l C L 2 (W x 
(0, s)) suc/i t/iat /or afc(x) = u Fk (x, s), 

(*) { a fc( a; )}fcLi /orm an orthonormal basis in L 2 (X(W,s),c 2 ] fix)- 

Furthermore, using the LSD, that is, Q, Xj, (pj\n, j — 0, 1, . . . i£ possible to 
construct sources Fk so that (*) holds. 
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Proof Let H k G C*(W x (0, s)), k — 1,2,..., be dense in L 2 (W x (0, s)). 
Then, by Theorem 6.8, 

{b k (x) : A: = 1,2,...} = L 2 (X(W^, s), 6 fc (x) :=^(M- ( 121 ) 

By Lemma 6.4, f2, Xj, (f)j\n, j — 0,1, ... , determine ((bk, bi)), where we de- 
note 

oo 

((bk, bi)) = eg $>f (*)«?(*) = c 2 (b k , b^x^y (122) 

3=0 

By applying the Gram-Smidt orthonormalization algorithm to the sequence 
(bk)k^=i w hh respect to the inner product ((•, •)), we obtain a sequence (a^)^ 1 , 
where a k = Y^i=i c kibi such that ((a k , a/)) = 8 k i- Note that, for a k = c$a k , 
we have (a k , az)i 2 PO = fe- Then the claim holds for 

i(k) 

a k (x) = u Fk (s), F k (x,t) = ^2c kl Hi(x,t). 

i=i 

QED 

By Lemma 6.9, we have 

oo oo 

Xx(w,s)(x)v(x) = ^2(v,a k )a k (x) = ^((v , a k )) a k (x) , 

k=l k=l 

where \a is the characteristic function of A C X. Assume now that we are 
given a sequence (pj)^L G £ 2 and denote 

oo 
3=0 

Let {qj)f =Q G I 2 be such that 

oo 

^qj<i>j(x) = Xx(w,s)(x)v(x). 

3=0 
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Combining the above formulas, we see that 

oo 

Qj = (Xx(w,s)V,<j)j) = ^2(v,a k )(a k ,(f) j ) (123) 

k=i 

oo 

k=l 

oo oo 

k=l j=l 

oo oo 

= EE^( c °^ /k ( s ))) w« F *(s),^)). 

fc=l €=1 

Thus, as we can compute (co(M Ffe (s), 0j)) using Lemma 6.4, we see that, if 
we are given LSD and a sequence (pj)JL 1 G £ 2 , we can determine sequence 
(qj)f =l e £ 2 so (123) holds. 

Since formula (123) determines the Fourier coefficients of Xx(w,s)V, we see 
that, if we are given LSD, then we can construct the orthogonal projector 

M(w, s ), 

M{w>s) : f -> t\ M Ws) (( Pi )^o)= (^"XWr 1 )^), (124) 

where J 7 : t> h-> ( J n v(x)(j)j(x)dijix)^ =0 is the Fourier transform. 
These considerations imply 

Lemma 6.10 Let (Q, (Xj)JL , (<f>j\n)jL ) and (Q', (A;)£ , (0»~ o ) &e ^ e 
LSD associated to (X, ji) and (X', //) and assume that these data are equiv- 
alent in homeomorphism : — > ft'. 

Let W d Vl be open, s > 0, and W = & n (W). Then the maps (124) 
corresponding to (X,/i) and (X',[/f) and sets W and W coincide, 

M(w,s) = M {W , :S) . (125) 

In particular, for any j, I G Z +7 

/ <l> j {x)Mx)dHx= [ ^(x'^ix'^x'. (126) 

JX(W,s) Jx'(W',s) 
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Proof. Since (125) is proven, let us show (126). Note that (125) implies 
that 

T ° Xx(w,s) ° = J" ° xx>(w>,,) ° r-\£ 2 ). 

As J-{4>j) = J~'((f>j) = &j, where ej = (0, . . . , 0, 1, 0, . . . ), with the only 1 on 
the j-th place, (126) follows. 

QED 

We apply the previous lemma to find inner products of eigenf unctions over 
small sets. 

Lemma 6.11 Let the assumption of Lemma 6.10 be valid and let Wi C ft 
be open sets and si > 0, I — 1, . . . , 2p, and W[ := <&n(Wi) be satisfying for 
1<1<P, 

X(W 2l ^,s 2l ^)DX(W 2l ,s 2l ), X{W^s 2l ^)^X{W^s 2l ), 

where some W 2 i may be empty. Denote 

p 

I := P| (X(W a _i, S2J _i) \ X{W 2h s 2l )) , (127) 

i=i 
v 

I I := p| (X(W^_ 17 sai-i) \ X{W' 2h s 2l )) , (128) 

i=i 

Then for any j, I G Z +; 

JhWfaWdfix = J ^W^dfix, (129) 

Proof. The result follows directly from Lemma 6.10. 

QED 

6.3 Cut locus 



We use the fact that , if X e then it is a length space and that all 

locally compact length spaces are geodesies spaces, that is, all points can 
be joined with a shortest, i.e. length minimizing path. This follows from 
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the fact that a GH limit of a sequence of locally compact length space is 
again a locally compact length spaces, see [36]. Another way to see this is 
that, since Y G $97tOJt satisfies hy G C%, the classical Hopf-Rinow theorem 
remains valid, and there is a shortest geodesic between any y, y' G Y . Since 
X = tt(Y) = Y/0(n), the result for MM follows from (241). 



Definition 6.12 We say that a path 7 : [0, £} — » X is a geodesic on X if it is 
the locally distance minimizing path and is parametrized along the arc length. 

In particular, if x G X re9 , £ G S X (X), we denote by 7x,g(i)> t > a geodesic 
of X which, for t > small enough, coincides with a Riemannian geodesic 
starting from x in the direction £. We denote the largest interval [0,T] on 
which the geodesic 7 Xj ^(i) can be defined by I X £. 



Note that if 7 is a geodesic of X, then 7 fl X re3 is a geodesic in the sense of 
the Riemannian geometry. 



Definition 6.13 For x G X reg and £ G ^(X), let i(x,£) be the supremum 
of those t G that 7^ is defined and a distance minimizing path between 
7x,g(0) and 7 X) ^(i). Then £) is called the cut locus distance function on 
5(X re 3). 

Now the injectivity radius at x is defined as 

= inf i(x,£). 

tes x (x) 

Note that i(x) > for any x G X re9 due to the boundedness of the sectional 
curvature from above. 

Lemma 6.14 For x G X Teg we have 

i(x) < d x {x,X sin9 ). (130) 

Proof. Assume the opposite and let x' G X smg be the nearest point to x. 
Then, 

t = d x (x,x') < i(x) (131) 
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and there exists a shortest 7 x ,£(i) connecting x and a;', 'y x ^(to) = x'. Inequality 
(131) implies that 7 X) £(i) remains to be length minimizing at least till t = 
i(x). However, due to [53], this yields that 7 x ,g(i) G X re9 , if < t < i(x), 
contradicting 7 x ,^(to) G X smg . 

QED 

Let xi = 7x,f(/o) with < p < i(x), s,e > 0, and denote 

iV(x, £; s, p, e) = iV(s, p, e) = (5 p+s (x) U £ s+e (a;i)) \ B p+S {x). (132) 

Clearly, N(s,p,e 2 ) C N(s,p,e 1 ), if e 2 < £i, and £ p+s (x) U 5 s+£ (xi) = 
^(S P WU%), s). 

Lemma 6.15 Let x G X re9 and suppose that p < i(x). 
(a) If s + p < i{x), then 

n & s ' ^ £ ) = {7«,c(p + 

£>0 

f&j If s + p > i{x), then there are £ G S^X) and e > snc/i t/iat 

N(x,Z;s,p,e) = ®. 

(c) The injectivity radius satisfies 
i(x) = inf {s+p; there are £ G S^X and e > snc/i that N(x,£;s, p,e) = 0}. 

s>0 

Proof of Lemma 6.15 (a) For any £ G S X (X) and any sufficiently small 
£ > 7x,^ : [0, s + p + e] — > X is length minimizing. This implies that 

lx,dl s + P,s + p + e}) C N(x, f ; s, p, e). 

Thus, 7 x , e (s + p) G D e ^(x, 6 s, p, e). 

(6) Take £ G S X (X) with i(x,£) < p + s. Let us then show that there is 
5 > so that dB p+s (x)) > s + 5. Assuming the opposite, there is 

x' G dB p+s (x) with dx(xi,x') = s. Denote by p(t) a distance minimizing 
path from x\ to x', p(0) = Xi, p(s) = x' . 
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Consider a path ^(t) which coincides with r y x ^(t) for < t < p, and ^(t) = 
p(t — p), for p < t < p + s. This path is distance minimizing until t = p + s. 
Indeed, this is certainly the case for t < p, as p < i(x). Assume that, for 
some p < t < p + s, there is another path ^'(t), j'(0) = x, such that 

Y(0 = f < t . 

Since d x ( r y(to), x') = d x (p(t ) ~ p)> M s )) = s + p — t , we have 

d x (x, x') < d x (x, t(*o)) + d x (l(to),x') <t' + s + p-t <s + p. 

This contradicts x' G dB p+s (x). However, since 7 is distance minimizing, in 
particular, it is the minimizing continuation, for p < t < p + s, of 7^ onto 
t G (0, p + s). This contradicts i Xj £ < p + s. 

Therefore, for e < 5, we have _E> s+e (:ri) C B p+S (x), i.e. N(x,£] s,p,e) = 0. 

As (a) and (b) are proven, (c) follows immediately by the definition of i(x). 
QED. 

Next we combine Lemma 6.11 and Lemma 6.15. 

Lemma 6.16 Let(X,p x ), (X',p' x ) G MM. Assume (ft, (A fc )fci » (0fc|n)j£o) 
and (ft', (A')ELo, w/iere fi e xre9 > e x ' refl &e ^ e ^ ofX,X', 

correspondingly. Assume that these data are equivalent in homeomorphism 
$n : ft ->■ ft'. T/ien $^ : ft ->■ ft' a C^-diffeomorphism. 

Moreover, let x G ft and rr' := $f}(:c) ex Px : ^x-X" — * X and exp x , : 
T X 'X' — >■ X' denote exponential maps. Then, i(x) = i{x') and, for r = i(x), 
the map E : B(x,r) — >■ B'(x',r), 

E(z) = exp x , (d<5> n \ x (exp-\z)^J 

satisfies h = E*(h'), p — E*{pl), and 

<j> j (z)=<f/ j (E(z)), for all j = 0,1,..., and z G B(z,r). (133) 

Proof. By Lemma 4.4, any z G ft has a neighborhood F C ft such that 
there is an index j = {j\,...,jd), for which $j : V — > R d , d = dim(X), 
®j( x ) = ( ( f ) j(. x ))jev defines -smooth coordinates. Let z' = $n(z) and 
V = $n(V). Then, as = 4>j{x) for all j, we see by Lemma 4.5 
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and Remark 4.9 that, for the same index j, the map $j : V — > M. d defines 
C^-smooth coordinates and moreover, that $^ = ° $j in V. Thus, 

$n : Q — )• Q' is a C^-smooth diffeomorphism, and its differential d<&o\ y is 
well-defined. 

Let now p < min(i(a;), i'(x')) be so small that B p (x) C Vl, B p {x') C Q', and 
£ G ^(X), £' := d$nU(0 e Sx'PO- Take s > 0,e > 0, and consider 
Lemma 6.11 with 7 = N(x, £; s, p, e), /' = N(x',£';s, p,e) and j = £ = 0. 
Since O = 1, 0o — 1> using eqution (129) we see that 

fix(N(x,£;s,p,e)) = p' x (N(x',^;s, p,e)). 

Therefore, due to Lemma 6.15, i(x) = i(x'). Note also, that utilizing Lem- 
mata 6.4 and 6.9, we can evaluate those volumes from LSD up to multipli- 
cation by the same unknown constant Cq. 

Next, we again take £ G S X {X), £' := d<&n| x (£) and < s < i(x)—p. Consider 
= lx,z{p+ s), x' = l xl £{p + s) = E(x Q ). Then, by (129), we have for all j 

M*o) ) N{x ^ S:£) <t>l{z)px{z) 
lim f N 'W tl!^^} 

As 0o = 0o — 1) this yields (133). 
At last, using Lemma 4.6, we obtain that h x = E*(h X /), p — E*{j?). 

QED 

Proof of Theorem 6.2 (1) Let O be the set of all pairs, (f2 1? of 
connected open subsets C X re9 , Q[ C X /re9 containing (fi, fi') such that 
extends to a map ^ : — >■ which is a local diffeomorphism and 
satisfies ^(Zi'lnj) = h\ Ql , **0']n' 1 ) = pV, and ^K^fcbi) = 0fck for every 
G Z + . Note that by the last condition, the map has to coincide with 
o where $ : X -> 1R Z + and $' : X' — )■ M z+ are the maps defined in 

(112). 

Let us consider O as a partially ordered set, where the order is given by the 
inclusion C. If J is an ordered index set and (Qj, Qj) G O, j G J, are sets 
so that Qj C fife, Q'j C f2' fc , if j < k, and ^ : Qj — > Q'j are the corresponding 
maps, it follows from Corollary 4.4 that ^klcij = Using this we see that 
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(y) jeJ Qj, Ujej^j) e By Zorn Lemma, this yields that there exists a 

maximal element (f2 max , ^' max ) m Let \l/ max : ^ ma x ^™ ai be the map 
corresponding to (Q max , fi' max ) G C. 

Lemma 6.17 The maximal element satisfies (f2 max , fi' max ) = (X re9 , (X') re9 ). 

Proof. Let $ max : Jl max — >■ fi' max be a local diffeomorphism corresponding to 
the set (fi max , fi' max ) G C. 

Assume that the claim is not valid. Then, without loss of generality, we can 
assume that X reg \Q max ^ 0. As X reg is connected, we see that there is point 
Zq in <9f2 max H X reg . Let us choose a sequence of points y k G Vl max such that 
Uk — > z o as k — > oo and let y' k = ^ m ax(yk)- As X' is compact, by choosing a 
subsequence, we can assume that there exists Mm^^y^ = z' . Note that at 
this moment we do not know whether z' G (X') reg . 

Let W = B(zq, t ) C X reg be a neighborhood of z such that W C X refl . By 
Lemma 2.2, there exists a positive number i > such that inj(p) > i for 
all p eW. Let r = min(i , t )/2. 

Let us choose k such that z G B(y k ,r). Since y fc G fi ma x C X re9 , yjj. G 
£l' max C (X') re9 , there is 5 > such that 5 < mm(i(y k ),i(y' k )) and £? = 
B(y k , 5) C fi maa; , B' = B(y' k , 5) C Q' max . Then the LSD (5, {\ k }lt , Mb}^) 
and (S'^A'fc}^, MMglo) are equivalent by the map ^ max |ij. Using 
Lemma 6.16, we see that i(y' k ) = i(yk), & n d moreover, as r < i(y)/2, there is 
a diffeomorphism E : B(y k , 2r) — > B'(y' k , 2r) such that 

(j)j{x) = (p'jiEix)), for all j = 0, 1, . . . , and x G 2r). (134) 

This implies that E coincides with the map $' o Q~ 1 \B( yk ,2r)i where $' are 
defined in (112). But also \l/ max is the restriction of $' o to fi ma x- Since 
£ : B(y k ,2r) ->■ B'(y' k ,2r) and * max : Q max ->■ fi^ ax are surjections, we see 
that ^ e;rf = $' o $ _i |n maxU B(j/ fe ,2r) is a bijection fi ext = fi max U B(y k ,2r) ->■ 
fi '«rt = fi max u B '(y'k> 2r )- In particular, we have ** xt (0' fe ) = and using 
Corollary 4.6, we see that ^* ext {h') = h and ^^(pO = p on Vt ext . Thus, 
(^extj ^ext) e This implies, in particular, that B(z ,r) C B(y k ,2r) C 
X re ^ and S'(4,r) C B'(y' k ,2r) C (X') re9 . 

As^o C £(?/ fc ,2r)\ft max , z' Q C 5(^, 2r)\fi^ ax , we see that Q e xt ^maxj ^ext tf— 
n' max , which is in contradiction with the the assumption that (fl ma x, Q'max) 
is the maximal element of O. Thus, {Vt max , Vt' max ) = (X reg , (X') reg ). 
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QED 

End of Proof of Theorem 6.2. Since = X, (X') re 9 = X' and ^ max 
is an isometry between X reg and (X') re9 , extending it by continuity to X 
we obtain an isometry : X — > X' . Then the same considerations as in 
Lemma 6.16, with Vl = X reg , show that ^| X re a IS C%- Riemannian isometry. 
Moreover, as 

^ x (X sin °) = vx>{{X') sin9 ) = 0, 

considerations of Lemma 6.16 show that p = ^ f *(p / ). Together with h = 
V*(h') and fi x = /i x > = 1, this yields that p = 

QED 

7 Stability of inverse problem 

In this section we prove the main Theorem 1.2. Actually, we prove a slightly 
more general variant of this theorem which deals with arbitrary X, X' G 
lip rather than M, M' G mWi p . 

Theorem 7.1 Let VJlDJi p be a class of pointed Riemannian manifolds (M,p; /im) 
defined by conditions (6), (18), i.e. having dimension n with sectional cur- 
vature bounded by A (from above and below) and diameter. Let VJlDJlp be the 
closure of 97t97t p with respect to the pointed measured GH topology. 

Then, for any r > 0, therere exists a continuous increasing function 

u r : [0, 1) ->■ [0,oo), w r (0) = 0, (135) 
with the following properties: 

Assume that (X, P ,/i x ), (X',p',fi X ,) G WM p . Let {z a }^} C M, {z'J^} C 
M' be 5-nets in B(p,r), B'(p',r), correspondingly, and {ti}f^ be a 5-net in 
(5, r 1 ). Let 

\H(z a , z^-H'iC z'pM <5, l<a,(3< A(5), 1<1< L(5), (136) 
where H, H' are the heat kernels on X, X' , correspondingly. 
Then 

d pmGH ((X,p;n x ), (X',p';nx>)) < w r (<5), (137) 
where d pm GH is given in Definition 2.8. 
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Proof. To prove this Theorem it is enough to show that, for any e > 0, 
there is 5 > 0, such that if the conditions of the Theorem are satisfied with 
this 5, then (137) is valid with e instead of u r (S). 

Assume that, for some e > there are pairs (X^pi, fXi), (X^p 1 ^ [/,[) G dJlTlp, 
which satisfy the conditions of the Theorem with ^-( 2s f+"/2+4) i ns ^ eac [ Q f ^ 
but 

d pGH (X h XI) > 6e. 

Using regular approximations of Xi, X- by pointed manifolds from VJtDJlp, 
there are pairs of pointed manifolds (Mj,pj, (M^p^/zQ e OJtQJlp which 
satisfy the conditions of the Theorem with 1/i instead of 5, but 

dpmGHiM,, Ml) > e. (138) 

Indeed, using Theorem 5.17, we can find M i: M[ such that 

dpmcniX^Mi), dpmGH^Xl, M[) < e/2, 

so that 

d pmG H(M u M[) > e. 

Moreover, we can require that there are i _ ( 2sF+n / 2+4 )-nets, {x^} C B(p Xi ,r), {y l p} C 
B(p Mi ,r),f3 = 1, . . . ,B, and {a*} C B(P x ,,r), {$} C B{p M ,,r), /3 = 
1, . . . , B f , and {t m } C (i -1 , «), m — 1, . . . , M, such that 

|// M ,(y^,U - ^(4,4,UI < r^ + "/ 2+4 \ (139) 
1^(1$,$,*™) - ^(xj,4,t m )| < r^+"/ 2+4 ). 

For any ^ involved in the definition of d pmGH (Xi, X^) take a point 
which is i-( 2s F+n/2+4) c } ose t Q z l a and similar for z*. Rename y l ^ a y y'^ a ) 
as y l a , y'a, a = 1, . . . ,A(l/i). By the above inequality, for sufficiently large 
i, the points y l a , y'£ form 2/i-net on M;. M'. correspondingly. Similarly, for 
any te involved in the definition of d pmGH (Xi, X^) take a point t m above with 
\te-t m \ < H 2sf +"/ 2 + 4 ). Compare E Mi {y^ y^, t e ) and H M ,(j£, y%,tt), a, 7 = 
1, . . . , Then, using (136) with H Xi , H x , instead of if, H', and (139), 

we see from (111) that 

IHmM, yi>, U) - H M >{y'L 1&,te)\ < \ { + < j, 
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for sufficiently large %. 

Going, if necessary to a subsequence, we can assume that 

(Mi, pi; fj,i) A (X,p,» x ), (Ml V \-^ ^ (X',p',(i x ,), (140) 

in the sense of the pointed measured GH convergence with /j, // being the 
corresponding regular approximations. In particular, 

Bfar) A B(p,r), B'(p[,r) A B'(p',r). 
Let us show that 

(X,p,;t, x )~(X',p',t, x ,), (141) 
where ~ stands for the measure preserving isometry. This would imply that 

dpmGHdMi^i,^), (M-,p-,/4)) 0, as i oo, 

contradicting (138). 
To prove (141), denote 

K = M), wl = fM), i = 1, . . . , a = 1, . . . , A(l/i). 

Let P be the set of the double sequences p := {i(k), a(k)}^ =1 , {i(k)}<j? =1 being 
a subsequence of {i}^, such that, with some w p G B(p,r), w' p G B'(p',r), 
we have 

w a(k) -> w p> and w 'a(k) -^ w ' P i as A; — )■ oo. (142) 

Using estimate (110) in the proof of Theorem 5.17 and Remark 5.18, it follows 
from (136) that 

H(w p , w p , t) = H'(w' p , w' p , t), p,pe¥, t>0. (143) 

Lemma 7.2 Let P be the set of convergent double sequences defined above. 
Then, 

{w p : p G P} = B(p,r), {w' p : p G P} = B'{p',r). (144) 
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Proof. Due to (140) and the fact that {^}a=/^ form an net in B(pi, r), 
the points {w l a }^{^ form an 8(i)- net in B(p,r), where 8(i) — > as % — > oo 
with the similar property valid for {w'^}^\. 

Therefore, for any w G B(p,r) there exists a sequence a(i), % — 1, . . . , such 
that — >■ u>. Consider the corresponding points Since B'(p',r) is 

compact, there is a subsequence a(fc) = a(i(k))}™ =1 such that ^[^^ 

converge. Then, p = {i(k), a(k)} G P, and 

w a(lk)) -^w P = w, and wlf m -*w' p , as k ->• oo. 

This proves the first equation in (144). Changing the role of X and X' we 
obtain the second equation in (144). 

QED 

Lemma 7.3 Let two double sequences, p, p G P, satisfy w p = Wp. Then, 
w' p = wL. 

Proof. It follows from the conditions of Lemma and (143) that 

H(w p , Wp, t) = H'(w' p , w~, t), H(w p , Wp, t) = H'(w' 3 , w~, t), 

for any p G P, t > 0. Therefore, by Lemma 7.2, 

H'(w' p , w', t) = H\w' P , w', t), 

for any w' G B'(p' , r), t > 0. It then follows from Corollary 4.8 that w' p = w'~. 
QED 

Lemma 7.3 makes it possible to introduce an equivalence relation pa on P, 
p pa p iff w p = wp, w' p = w'p. 

Then the maps 

T: P/ « — >B(p,r), J r (p) = iu p , 

are bijections. Thus, $ = J 7 ' o J 7-1 : B(p,r) — > B'(p',r) is a bijection. 
Moreover, due to (143), 

H(w,w,t) = H'($(w),($(w),t), w,w G B{p,r),t> 0. (145) 
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Observe that Theorem 6.2 remains valid if, instead of a dense sequences 
{w a }™ =1 , { w ' a }a=ii we use an pohits w G B(p,r) with the corresponding 
points w' running over the whole B'(p',r). Thus, using Theorem 6.2, $ can 
be uniquely extended to an isometry $ : (X,p) — > (X',p r ) with 

<j>j{x) = tfjWx)), J G Z+, = (146) 

Theorem 7.1 is proven. 

QED 

Consider next Corollary 1.5. Again, similar to Theorem 1.2, we prove it in a 
slightly more general form: 

Corollary 7.4 Let (M,p,u. M ) E WlWl p . There is S(M) > such that, if 
(X,p',/ix') £ yJIWlp satisfies conditions of Theorem 7.1 with 5 < S(M) in 
(136), then X is an n- dimensional manifold C^-diffeomorphic to M. 

Moreover, p x — 1, hx £ C%{X) and, taking the diffeomorphism between M 
and X to be identity, for any a < 1, 

\\h x -h M \\ c i, a <uj a (5). (147) 

Here u a (5) is a modulus of continuity function. 

Proof. Let %m > be the injectivity radius of M. Let (X,px, fJ>x) satisfy 
(136). Take (M,p,/Z) 

dpmGH ((X,px,Hx), (M,p,Ji)j < 5. 

Then, 

dpmGH ((Af,p,/Z), (M,p,/x)) < 55. 

Denote by / : M — > M, f : M — > M the corresponding approximations. 
Let us show that, if 5 is sufficiently small, then 

i M > i min (i M , n/^y/Pj . (148) 

Assume that this equation is not valid, so that there is a closed geodesic, 
7 C M, with arclength < | min (im, n/S\^Cj. Take q e 7 and denote 
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£o £ S~ Q (M) its initial direction. Let q = /(go)- Consider the 5-dense net 
{q k }k=i C dB^ M/6 (q ). Take {q k = /(g fe )}f=i C C/55 (-B« M /6(9o)), where, for 
any set A C M and a > 0, C/ a (A) is the a- neighborhood of A. Consider the 
set of directions G S~ (M) from 50 to qk, k — 1, ... , K. Then form 
c(i M ,A) 5 1 / n -dense net in S~ o (M), so that, say, 

(M)(fo,fl) < C5 1/n . 

Let g' = 7(5i Af /6). Then 

d(q',q )<L^/2, d@ \q-y) < c5 l ' n . 
On the other hand, 

d^, go) > go) - <fe, g ) > 5i M / 6 - 55 - c<5 1/n > Ly, 

for small 5. This proves (148). 

This implies that X is the Gromov-Hausdorff limit of smooth manifolds with 
bounded below injectivity radii and bounded sectional curvature. By [1], [2], 
X is an n-dimensional manifold with its metric tensor hx being C^-smooth 
which is, for sufficiently small 5, C^-diffeomorphic to M. Moreover, results 
of [1] then imply all the remaining claims of Corollary. 

QED 

Consider now the almost isometric maps 

¥ : (M uPi ) -> (Mip'A, ^ t (x i ) = (f:r 1 o^of t ( Xl ), Xl eM^ (149) 

with \1>- defined analogously. It then follows from (143) together with Theo- 
rem 5.17 and Corollary 5.18, that 

\Hi(xi,yi,t) -H&Vixi), MVi),t) | ->0, as i -> oo, (150) 

uniformly with respect to the measured Gromov-Hausdorff distance between 
(M^ Pi, Hi) and (M-,^,^. Invoking Theorem 7.1, we see that (150) takes 
place with respect to the spectral distance 5 in the conditions of Theorem 
7.1. 

This makes it possible to prove the following 
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Proposition 7.5 There exists a function ui{8), satisfying conditions (135), 
such that 

d' l (z':,M<))<Z(5), or <£(*), (151) 

if{z l a }, {z^} satisfy the conditions of Theorem 7.1. 

Proof Assuming the opposite, we find e > and sequences (Mj, p i: {M[, p' i: 
which satisfy the condition of Theorem 7.1 with \ j% instead of 5 and converge 
to X, X', correspondingly. Similar to the proof of Theorem 7.1, X and X' 
are isometric with the isometry $ uniquely extended from its restriction on 
{z a } to the whole B{p,r). Then, there is a sequence a(i) such that 

> e OT ^(4 W ,^(^)))>£- (152) 

Recall that 

— fi( Z a(i)), W 'a(i) = fi( Z 'a(i))- 

Then, choosing, as above, a proper double sequence p = (i(k) , a(k)) , we 
obtain that $(w p ) = w' p . 

By the definition of f i: f[ and see (150), we have that 

d' (fmiM^lw',) 0, d (/.(^(^(^g)),^) 0, as Jfc oo. 

This implies that *i(4(i)))> *(4(i)> ^ as * ^ 00 > con - 

tradicting (152). 

QED 

Lemma 7.6 Under he conditions of Theorem 7.1, for any e > 0, there exists 
5(e) > such that, for any (M,p,fi), (M',p',/i') G Wl which satisfy (136) 
with 5 < S(e), 

\H(x,y,t)-H'(V(x)My),t)\<e, 

\H'(x',y',t)-H(*'(x'),V'( y '),t)\<e, 

for x,y e M, x', y' e M', e <t< e _1 . (153) 
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Proof Assuming the opposite, let (Mj,pj,//j), (M-,^, //J satisfy (136) with 
5 = Gromov-Hausdorff converge with measure to (X,p,fi), (X',p',fi') 
and still do not satisfy (153) with some e > 0. This means that there are, 
say, Xi,i/i G Mi such that 

By Theorem 7.1, there is an isometry $ : X — )• X' satisfying (146). By 
definition (150) 

/;o^ = $o/ 4 . (154) 

As /j, // are almost isometries, it follows from Theorem 5.17, together with 
(145) that 

\Hi(xi,yi,t) - if-^fo), t)| ->• 0, as % ->• oo, 

uniformly on M x M x [a, 6], for arbitrary a, 6 > 0. This contradicts (154). 

QED 



Part II 

Orbifold case 

8 Volume growth and dimensionality of collase 

For given n, positive numbers A, D, Co and 1 < k < n, we denote by $Rk, p = 
yyik, p {n, A, D; Co) the family of all closed n-dimensional pointed Riemannian 
manifolds (M,p) in Wl(n : A, D) such that 

for every < r < Cq 1 . 

We start by proving Lemma 1.9. 
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Proof of Lemma 1.9. Let //j denotes the normalized Riemannian measure 
of Mj. We may assume that (Mj,pj,//j) converge to (X,p,fi) for the pointed 
measured GH-convergence, where 

dV 

djj, = p 



Vol(X) ' 



Suppose first that X has no singular points. Then there is a uniform positive 
number C satisfying 

and we have a ^-almost Riemannian submersion /j : Mj — > X for large i, i.e, 

e _ < K«p < ei , 

for all tangent vectors £ orthogonal to fibers of fi, where lim<5j = 0, such 
that — > /i for the weak* -topology. Namely for any open set U C X, 
we have 

H(U) = ton iii(fr\U)). (156) 
Let d = dimX. (156) implies that for any < r < Cq 1 , 
\im f i l (fr 1 (B(p,r)))= [ df, x > C~ 

JB(p,r) 



.! Vol(£(p,r)) d 

_ ^1 ' ; 



Vol(X) 



where Ci is a positive number independent of p and r. On the other hand, 
the assumption (M i? pj) G 97tfc iP (n, A, D; c ) yields that, for any e and for 
sufficiently large i, 



Vi{f-\B{p,r)) < ^Bfar + e)) < c (r + e) 



n—k 



Thus we have, for r < cq, that C\r d < cor™ k , and hence c? > (n — k). 

For the general case, when X has singular points, considering the orthonor- 
mal frame bundle FMi of M h we can proceed as follows. Passing to a subse- 
quence we may assume that the 0(n)-space FMi converges to an 0(n)-space 
Y with respect to the equivariant GH-topology, where Y has no singular 
points. Let Jli be the normalized Riemannian measure of FMi. We may 
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assume that (FM h /j, i: 0(n)) converges to (Y, fx,0(n)) with respect to the 
equivariant measured GH-topology. Now we have an 0(n)-equivariant <5j- 
almost Riemannian submersion f\ : FM,i — > Y and a map /j : Mj — > X such 
that 7ro/j = fiOTii, where_7Tj : FMj — >■ Mj and n : F — >■ X are the projections 
along 0(n)-orbits, and (fi)*(]li) — > jl. 

Take a point G vr^ 1 ^). Since 7Tj : FM; L — >■ Mj is a Riemannian submersion 
with totally geodesic fiber isometric to O(n), there exists a constant C > 
such that 

Vol(B(p h r)) < CVo\(B(p t ,r))r dim0(n) . 
It follows that for some uniform constant C\ 

M^lMj- Vol(m) S Vol(0(n))Vol(M . } SO x r 

for every < r < Cq x . Applying the previous argument, we obtain dimF > 
n + dim 0(n) — k, and hence dim X = dim Y — dim 0{n) > n — k as required. 
QED 

The converse to Lemma 1.9 is also true. Namely we have 

Lemma 8.1 For given positive integers n > k andvo > 0, there exist positive 
numbers eo and cq satisfying the following: Let (n — k) -dimensional space 
(X,p) G M p (n,A,D)and Vol(X) > v > 0. Assume thaf M G M p (n,A,D) 
satisfies dcfi(M, X) < e Q . Then, for any q G M and < r < D, 

fi(B(q,r))<c r n - k . 

Thus, M satisfies an extended version of condition (155). 

Proof. Suppose the lemma does not hold. Then we have sequences Mj in 
VJH(n, D), rf-dimensional spaces X-i in the closure of 9Jt(n, A, D), C{ — > oo and 
< r\ < D such that 

Vol(A^) > vq, lim dcH^Xi) = 0, taiBfan)) > arf, (157) 

i— »oo 

for some qi G Mj. We may assume that converges to a space X in the 
closure of 9JT p (n, A, D). Note that 

dimX = d, Vol(X) = lim Vol(Xi) > v , d GH (M u X) ->■ 0. 

89 



For large i, let j i : Mj — > X, fa, /i and /j : FMi — > Y, fa, p be as in the 
proof of Lemma 1.9. Put r := lim r\ > 0, and let q := lim/j(gj) G X. 

First we assume that X has no singular points, and consider the case of 
r > 0. Then, for any e > 0, 

lim fa(B(pi, r-i)) < lim fa{B(pi, r + e)) 

i— >oo i— >oo 

= \im fa(fr\B(q,r + e)) = [ < C(r + £) d , 

JB( q ,r+e) Vol(X) 

for some C > 0. Then, taking £ — )■ 0, we see that lim^oo fa(B(pi, r^)) < cr d . 
This is a contradiction to (157). 

Next consider the case of r = 0. Note that there exists a positive number C 
such that 

Wrl < c ' < 158 > 

Vol(/i '(y)) 

for all x,y & X (See Lemma 3.2 in [24]). Since /j is a 5j-almost Riemannian 
submersion with 5j — >■ 0, it follows from the co-area formula that 

< C"Vol(/- 1 (/ i (p i ))((l + ^)r,) d . 

Let 

MJ ~ Vol(M0 ' 
Since uniformly converges to px ([24]), we obtain that, for large i, 

^(B( qi ,r t )) < faif-'ifm^n))) < 2C'p x {q)r d l . 

This is a contradiction to (157). 

If X has singular points, we pass to the frame bundle FMi and proceed as in 
the previous argument. First suppose that r > 0. Then noting fiO-n = no f, h 
we have 

lim fa(B(qi,ri)) = lim fa{f~ 1 {B{q, r))) 

i->oo I — ^oo 

= lim fa(F(fr\B(q,r)))) = Jl(n- 1 (B(q,r))) 

l — ^oo 

= p(B(q,r))<C 1 Xo\(B(q,r))<C 2 r d . 
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This is again a contradiction to (157). 
If r = 0, let 

Ui = fi(FB(pi, r ;)), Vi = mifr^Ui)), Ui = MVi) = fi{B(p h n)). 

Since f\ is a 5j-almost Riemannian submersion, the co-area formula together 
with (158) implies that setting % = 

VoK/T 1 ^)) < C 1 Vol(^ 1 (g l ))Vol(^). 

Observe that Vol(C/j) = Vol (0(n))Vol(C/j) since tt, restricted to X reg , is a 
Riemannian submersion with fibers isometric to 0{n). Put 

ftl ' ■ Vol(FM ( ) ■ 
Since uniformly converges to p Y ([24]), it follows that 

< Czp^Vom) < C 4 ((l + (JOO* < c 5 rf . 

This is a contradiction. 



9 From isometry to isomorphism 

In this section we prove the second part of Theorem 1.7 regarding the iso- 
morphism of isometric orbifolds. 

Theorem 9.1 Let (X,hx) and (Y,hy) be two compact Riemannian orb- 
ifolds. Assume that X and Y are isometric. Assume also that, eithr both X 
and Y have no orbifold boundary, or for any x G X, y G Y the corresponding 
groups G x , G y are subgroups of SO{n), i.e. G x , G y contain no reflections. 
Then (X, hx) and (Y, h Y ) are isomorphic. 

We start with a simple observation regarding one-dimensional orbifolds. In 
this case, one-dimensional compact Riemannian orbifolds are, indeed, com- 
pact one-dimensional Riemannian manifolds possibly with boundary, i.e. 
both X and X' are either circles or both are closed interval. 

Then, we have the following simple result which we formulate for the conve- 
nience of further references: 
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Lemma 9.2 Let (X, h) and (X f , h!) be two isometric one- dimensional com- 
pact Riemannian orbifolds with an isometry F : X — > X' . Let (X,G) and 
(X 1 , G') ) be pairs of compact one- dimensional Riemannian manifolds with- 
out boundary and finite isometry groups acting on them such that X /G = X , 
X'/G' = X' and that X is isometric to X' . Let Uy^$,UcX,bea con- 
nected open set. Assume, in addition, that f : U — >■ X' is an isometric 
embedding such that 

(7r'o/)(x) = (Fon)(x), forxeU. (159) 

Then, there is a unique Riemannian isometry F : X — > X' which is an 
extension of f , i.e. 

F\u = l 

making the following diagram commtative: 

X— F -^X' 

(160) 

X—^X'. 

Here n : X — > X , ir' : X' — > X' are the natural projections. 

If U = 0, still there is a Riemannian isometry F : X — > X' which satisfies 
(160), albeit it may be non-unique. 

In addition, G ~ G' , where pa stands for the group isomorphism. 

Proof Suppose first that both X and X' are circles of lengh r. Then X 
and X' are circles of length pr for a p G Z+, and G, G' are isomorphic 
cyclic groups generated by rotations. When U is non-empty, the isometry 
/ : U — > X' uniquely extends to an isometry F : X — > X' . It^is an easy 
exercise to check that F satisfies the desired property. When U is empty, 
take a G X , a' G X' with 7r(a) = n'ia'), and a neighbouhood V of a. It 
is possible to take an isometric embedding / : V — > X' satisfing (160). 
Therefore this reduces to the previous case. 

Suppose next that both X and X' are closed interval [0,r]. Then X and 
X' are circles of length, say^f, and^G, G' are dihedral groups generaed by 
rotations and reflections of X and X' respectively. Since £/\G\ = £/\G'\ = r, 
it follows that G and G' are isomorphic to each other. It is an easy exercise 
to extend the previous argument to the present case. QED 
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9.1 Good orbifolds 



Recall that (X, h) is a good orbifold in the sense of Thurston, see [63], if there 
exists a Riemannian manifold (X, h) and a discreet group G acting on X by 
Riemannian automorphisms such that 

(X,h) = (X,h)/G. 

We denote by tt : X — > X the natural projection from X to X/G. So, for 
example, X = S r is a good orbifold with X = M and G = 7rrZ. 

The main goal of this and the next few subsections is to prove 

Theorem 9.3 Let (X,h) = (X,h)/G and (X',ti) = (X',h')/G' be two good 
orbifolds and assume thatX, X' are simply connected. Suppose that either X 
and X' have no orbifold boundary, or G, G' contain no reflections. Let (X, h) 
and (X', h!) be isometric with an isometry F : X — > X' . Let U ^ 0, U C X , 
be a connected open set. Assume, in addition, that f : U —> X' is an isometric 
embedding such that 



(tt' o f)(x) = (F o 7r)(x), forxeU. 



(161) 



Then there is a unique isometry F : X — > X' , which is an extension of f, 



i.e. 



making the followig diagram commutative: 




(162) 



If U = 0, still there is an isometry F : X — > X' which satisfies (162), albeit 
it may be non-unique. 

In particular, (162) means that G ~ G' . 
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Proof. The proof is by induction in dimension n of the orbifold and consists 
of a number of steps and intermediate lemmas. First let us show the theorem 
for the one-dimensional case. In this case both X and X' are either circles 
of length, say £, or both are closed interval [0,£]. In any case, both X and 
X' are isometric to R. In the former case, we may assume that G, G' are 
the infinite cyclic group generated by the translation x — > x + £ of R. In the 
later case, we may assume that G and G' are the group generated by the 
translation x — > x + 2£ and the reflection x — > — x. In eiher case, the theorem 
is certainly valid. 

Therefore, let n > 1 and assume that the Theorem is already proven when 
dim(X), dim(X') < n. In the future, we denote by i > the convex injec- 
tivity jradii of X and X', so that, for any x G X, x' G X' and r < i , we 
have -B(x, r) C X, r) C X' are convex balls with Riemannian normal 
coordinates well-defined in these balls. (In the sequel, we will always denote 
by B(p,a) a metric ball of radius a > centered at a point p of the cor- 
responding metric space.) Note that although X, X' may be non-compact, 
since X, X' are compact,J > 0. Indeed, as G, G' act on X, X' by isometries, 
choosing arbitrary Xq G X, x' Q G X f , we have 

Iq = min Jnf i(x), jnf i(x') 1 > 0, 

\xEB(x ,2D) x'£B(x' ,2D) J 

D = max{diam (X),diam (X')}. 

Note that, due to the discreetness of G,G', and the fact that G, G' act on 
X, X' by isometries, for any x G X, x' G X', there are r(x) = r(n(x)), r'(x') = 
r(n'(x')) such that, if n(xi) = n(x 2 ), 7r'(^i) = ^'(x' 2 ) but X\ ^ x 2 , x[ ^ x' 2 , 
then 

B(xi, 5r) n B(x 2 , 5r) = 0, if r < r(x), x = n(xi) = ir(x 2 ); (163) 
, 5r) n fi^, 5r) = 0, if r < r'(x'), a/ = vr^) = tt(^). 

Thus, for any x G X, x G X', x' G 7r _1 (a; / ), x' G 7r /_1 (x / ) and r < min{r(x), r'(x 

S(x, 5r) = S(x, 5r)/G(x), B'(y, 5r) = S'(x', 5r)/G"(x'), (164) 

where G(x), G'(x') are the stabiliser subgroups for x, x', respectively, 

= { 5 G G : = x}, G\x') = {g' G G" : g'(x') = x'}. 
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9.2 Ball-to-ball continuation: center point 

We start with a special case when U = B = B(x , r ), where choose 

r < - min (r(x ), r(F(x )), i ) , x = ir(x ). (165) 
o 

Then, 

f(B ) = B' = B(x' , r ), x' = f(x ), 
F(B(x , r )) = B(x' , r ), x = n(x ), x' = 7r'(x' ). 

Let now B\ = B(x±, r\), where r\ satisfies (165) for X\ = n(xi) and x[ = 
F( Xl ). 

Lemma 9.4 Let B , B\ be two balls in X of radii r ,ri such that 

BqDB^ 0. 

Let f\g o satisfy the assumptions of Theorem 9.3. Then, there is a unique 
Riemannian isometry, f\\ U\ = B U B\ — > X' such that 

7ib = /, fi:B 1 ^B[ (166) 

(7i'of 1 )(x) = (Fo 7 r)(x), forxeU 1 . (167) 
Here B[ = B(x[, r x ) where 

X 1 = fl(xi), TC'(X 1 )=X' 1 . 

We shall prove Lemma9.4 in the next subsection. 
The goal of this subsection is to prove the following 

Proposition 9.5 Under the conditions of Lemma 9.4, let there exists an 
isometry fi which satisfies (166), (167). Then, the center x[ of B[ is uniquely 
determined by F and f . 
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Proof In the following, by a geodesic radius from x to z, z G B(x,r) C X, 
we mean a geodesic r y x ^([0,t]), such that 7 X) ^(i) — z, t < r. We denote such 
a geodesic radius by 7 XjZ and use similar notations for X',X,X r . Observe 
that, ]i x,z G I, x,z G X, where a; = n(x), z = 7r(z), d(x,z) = r with r 
satisfying conditions (165), then 



7T o (t)y(t) = y(t), 0<t<r, where y(t) = %z(t) y(t) = lx , z (t). (168) 



Moreover, similar relation is valid on X',X'. Indeed, conditions (165) imply 
that y(t) and y(t) are uniquely determined by 

d(y(t),x) = t, d(y(t), z)=r-t, d(y(t),x) = t, d(y(t),z) = r-t, 
which are certainly valid on jx,z- Since 



the above relations for y(t) then follow vfrom the triangular inequality, thus 
implying (168). 

Let 

z G V = dB l n B , 
and let w also lies on the geodesic radius jxi,z, so that 

w = 7?i,?(£i), *i < ri, lx U z{{h,ri)) C B , 
i.e. the geodesic segment between w and z is in B . 

Let _Bi = tt(Bi), B = 7r(B ), and z = tt(z), etc. Consider next the 
geodesic 7^ which coincides with tj^z traversed in the opposite direction, 
i-e. Jz,is(fi) — Note that, by the definition of r\, this radius is a mini- 
mizing geodesies, with 



d(yi,y 2 ) < %i, 1/2), j/i = 7r(j/i), 



being the geodesic radius in _Bi i.e. from 2 to Xi = 7r(xi), and 

d (7z,t«(si), 7U(s 2 )) = |si - s 2 |, 

^(7^(si), 7?,™(s 2 )) = |si - s 2 |, for si,s 2 G [0,ri]. 



(169) 



(170) 
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Let us analyse the corresponding picture on X', X'. Since F is an isometry, 
= HlzAt)), = Hz), ™' = F(w), 0<t< n , (171) 
is a geodesic on X'. Since also / is an isometry, 

7M0 = /fe(0), ? = /(*), = /(«;) O^^n-^, (172) 

is a geodesic on X' . Moreover, due to (161), 

iy(«) = ^(^(f)), < f < n - fi. (173) 

In particular, 

x' 1 = 7v^(r 1 )=F(x 1 ). (174) 

and, as F is an isometry, j^i w i is the geodesic radius 7^., z ,, traversed in the 
opposite direction. 

Our main idea is to continue 7-, ~, beyond £ = ri — 1\ and to use this contin- 
uation to find x[. To this end, consider 7-/^/(0 for < t < r\ and define 

^1 = 7y,fi?'(n). 

We want to show that if an extension / does exist, then j\{x\) — x±. To 
prove that it is necessary to show that 

tt'^) = x [. (175) 
Actually, we intend to show even more, namely, that 

A%,vM = i*,»&)> te[0,n], (176) 

and to use (176) later in the proof of existence of f 1 . In order to show (176), 
let 

t' = sup{t G [0,n] : 7^(7^ (s)) = tUJs) for all < s < t}. (177) 

Note that, by (173), t f > t± — r x . Our aim is to show that t' = r 1 . Assume, 
however, that t' <r\ and let 

«' = 7^,«,'(0> # = 7~ w (0, «' = «' = withw = 7 ZiW (t'), 
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where the last equation follows from (171). 

Consider the balls B'{u',r') C X', B'{u',r') C X', where r' is defined by 
(165) with r(u),r(u') with, however, < t' — r' < t' + r' < r\. Observe that 

iu',A s ) = 7'z',w> (t ~ s ) , l'u',x\ ( s ) = l'z',w> (*' + s ) 
are geodesic radii of B'(u',r') and, moreover, 

d' (V u ^(ai), T^te)) = + ^1, if *i, s 2 G [0,r']. (178) 

This follows from the corresponding property of 7 zw (s), see (170), due to 
(171). 

Let now //(s), < s < r', be a lift of the geodesic radius 7^, x , (s) which starts 
at u', 

n'(Jl(s)) = 1 ' uiyi (s), Ji(0)=v! = % tSI (lf). (179) 

Then, 

d' {l'z>&{t' - si), #(s 2 )) < si + s 2 , si,s 2 e [0,r], (180) 

with the equality taking place in (180) if and only if Jl(s) is the continuation 
of 7-, ~,(t) beyond t = t' . However, 

d'(y[, y' 2 ) < d'(y[, £)), forany y[ = it'{y[), y\ G X '. 

It then follows from (173), (178) and (179) that we have equality in (173). 
Therefore, 

Ks)=%~ l {t' + s), 0<s<r'. 

This shows that t' = r x as well as equations (175), (176). 

At last, let us show that the result of the above construction is m dependent 
of the choice of z G B UdBi. Assume the opposite and let Zi G B UdBi, i = 
1,2, give rise to different center points x[ 7^ x' 2 which both satisfy 

n'(x[) = x[ = ir'(x 2 ), d'(x 2 ,x' x ) > 5ri, (181) 
where the last inequality follows from property (163). 
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Summarising, we see that F, f uniquely determine x' v 

QED 

Note that the above considerations show that all the points z' = f(z), z G 
Bq n dB 1 , lie at the distance r\ from x\, so that 

f-.BondBn-tdBl (182) 



9.3 Ball-to-ball continuation 

In this subsection, using the above construction of 7-/^/, we will show how 
to obtain f x satisfying (166), (167), thus completing the proof of Lemma 9.4. 
We start with 

Case A: Connected dB 1 fl B . 
As F is an isometry, in particular, 

dfi ■= F\ dBl : dB 1 -> dB[. (183) 

Moreover, since the inner distance on dBi, dB[ is uniquely defined by the 
the distances d, d! on X, X', respectively, we see that df\ is an isometry. In 
addition, f\y, where V = dBi fl B , satisfies condition (161). Based upon 
that we obtain 

Proposition 9.6 Let F, f satisfy condition of Lemma 9.4 and V = dBinB 
is connected. Then, there is a unique isometry 

dh : ->■ dB[ : (184) 

7r' O 8^ = Dfi O 7T, 8fi\y = f\y. 

Proof. As follows from (164), 

dB 1 = dB 1 /G^ 1 , dB[ = dB' x jG'~ v (185) 
i.e. dBi, dB'i are good orbifolds of dimension (n — 1). 

Since, for (n — 1) > 2, the sphere dBi is simply connected, the unique 
existence of dfi, satisfying (184), follows from the induction hypothesis. 
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In the case n = 2, we observe that G(xi), G"(^'i) are either finite cyclic 
groups generated by rotations, or else dihedral group generaed by rotations 
and reflections. The lengths L of the circle dB\ and V of the circle dB[ are 
given by 

L = \G\L, L' = \G'\L', 

where L, L' are the lengths of dB±, dB[. Moreover, as dfi is an isometry, 
L — V . Therefore, to apply Lemma 9.2, it is enough to show that \G\ = \G'\. 

To this end we observe that, by the isometry of F, 

V(B( Xl ,p)) = V\B\x' llP )), for any p > 0, 
where V, V denote volumes in X, X', respectively. On the other hand, 

V(B(x 1: p)) = V(S(x 1>P ))/|G|; V'(B'(x' 1: p)) = V> {B> {x\, p)) / \G% 
V, V being volumes in X, X'. Since 

p^o p n p^O p n 

it follows from the preceding considerations that |G| = \G'\. 

QED 

Having dfi at hand, we extend the isometry / onto B 1 , 

h : B x -+ B[ 

by the process of continuation along radii. Namely, let 

y = y(t) = ixi,z{t) £ Bi, o<* <n, 

where z G dB\ . We define 

y' = y\t)--=hm) = ik r At), ? = df x {z). (186) 

Note that 

d(y, xi) = t, d(y, z) =n~t, (187) 
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and 

d'(y',x[)=t, d'(y',Z)=r 1 -t. (188) 

Moreover, since r\ < i , conditions (187), (188), with < t < r 1 , determine 
y, y' uniquely. 

Formula (186) defines a bijection 

fi-B^ B[, 

with filg^ = dfi. Let us show that f\ satisfies 

it' o fi — F o tt, mB[. (189) 

Recall that, since dfi satisfies (184), we have for z G dBi and z' G dB[ such 
that z' = f\(z), that 

z ' = F(z), where z = tt(2), z' = tt'{z'). (190) 

As also x[ = F(x 1 ) and F is an isometry, this implies that 

F{ lxi ,M= Iks®' 0<*<n. (191) 
Together with (168), this proves (189). 

Next we prove that /i is a (local) isometry on Bi. Take x G -Bi so that 

x = tt(x) G X Te \ x 1 = ir'(x') G Y re9 , x' = f^x), x' = F(x), (192) 

where the last equations follow from (189). Then there is p > such that 

tt : B(x, p) p); tt' : p) B'(x', p), 

are isometries. Using equation (189), this implies that fi : B(x, p) — > B(y,p) 
is an isometry. Therefore, 

Kv) = fi fiW) » VZB(x,p), y' = Uy) G 5(£',p). (193) 

However, since the set of points x G B 1 which satisfy (192) is dense, condition 
(193) is satisfied in a dense set of B 1 . At last, due to the smoothness of h, h', 
(193) is valid everywhere on B\. 
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It remains to show that 

AlsonSi = /ls nBr (194) 

Recall, see e.g. (182), that every 7~/ z 1 = f(z), z £ fl £? , is the 
geodesic radius in B[ from z' to 5^. By (172), 

if ti(F) > is defined so that tV,xi(£) G -Bo f° r < t < ti- On the other hand, 
by the definition of f u see (187), (188), 

7W*) = Afe(0), 0<*<n. 
Comparing these two equalities, we see that 

/ifei(0) = /fei(0)> o<t<h(z). 

Therefore, there is an open ball B(y,p), < p < |min(r(y) ,r(F(y)), i ) 
such that 

B(y,p)cB 1 nB , fi\ S ^ ) =f\s^y ( 195 ) 

Since B 1 fl B is convex, we can use Proposition 3.62, [51] on the properties 
of isometries which implies equation (194). 

This completes the proof of Lemma 9.4 in Case A. 

Case B: General. Assume now that B fl dBi is not connected^ Let V C 
Bq fl dBi be open and connected. Similar to Case A, let df v : dB\ — > B[ be 
an isometry which satisfies (184) and 

dfylv = f\v- 

By the same construction as in Case A we extend it to an isomorphism 
fy : Bi — > B[ and show that 

fftnft = /Iftna- ( 196 ) 

It remains to show that this extension does not depend on V . Indeed, if 
V C Bq fl <9i?i be another subset of then we can construct another 

extension f v , of / which also satisfies (196). But then 

fv = fv> on n B x . 
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Since B U B 1 is connected, Proposition 3.62, [51] implies that f v = f v 
everywhere on B U B 1 . 

Defining /i = f y for any V, we complete the proof of Lemma 9.4. QED 
9.4 Continuation along balls. 

Consider now a general open connected U ^ with / satisfying (161). Our 
next foal is to extend / onto the whole X. To this end, we first choose an 
arbitrary ball B = B(xo,r ), 

r <^ mm(r(x ), r(F(x )), i ), (197) 
o 

where Xq = 7i(x ) such that B C U . 

Next, let x G X be arbitrary and let Jl(t), ft(0) = Xo, jx(l) = x, be a con- 
necting curve. 

Definition 9.7 A (finite) chain of balls B , B 1 , . . . , B p is called associated 
with fx if there are intervals [0, ip), (t± , tf), . . . , (t~, 1] withtj G (t^ +1 ^, 
such that 

m^Bj, te(tj,t+), j = o,..., P . 

Here assume also that each ball Bj satisfies condition (197). 

The idea of the extension of / to (a vicinity of) x is to extend it, using the 
construction described in subsection 9.3, along a chain of balls associated 
with fx. Observe that then 

where fj is the continuation /o = / to the ball Bj. Note that we can al- 
ways assume < ^ +2 ) smce otherwise the piece /I(min(^. +1 ^, t^ +2 -A, t^) C 

(j3j fl B(j + \) Pi -B( J+ 2)j, and the above equality implies that 

/jlsjnSj + ini5j + 2 = /?'+ 1 l-B J nB J+ inB J+ 2' 
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Thus, by Proposition 3.62, [51], 



fj\BjnBj + 2 f i+ 2 \BjnB j+2 

and, with omitted -By+i), we obtain the same continuation to the vicinity of 
x. 

The above observations show that, for any < t < 1, we construct an unique 
local isometry /*:[/*—>■ X' , where U* is an open convex vicinity of fJ.(t). 
This /* is a continuation of / along a chosen set of balls and, if tj < t < ft, 
then /* coincides with fj near However, at this stage, we do not assume 
that, if Jl(t) = yu(t'), then /' coincides with /*' near Jl(t) = Jl(t'). 

Let us first show an existence of an associated chain of balls for any finite 
curve fx. Let t = sup t > such that there is a finite chain of balls associated 
with the curve /l[0,i]. We need to show that t = 1. Assume the opposite 
and consider a ball B' := B(x',r r ) C X, where x! = /I(to) and r' satisfies 
(197). Then, there are £_ < t < t + , such that 

Jl(t) G B', if t- < t < t+. 

On the other hand, for any t, t_ < t < t , there is a chain of balls B , . . . , B p 
associated with Jl[0,t]. Then the chain of balls B , . . . , B p , B p+ i = B' is 
associated with J1[0, s], for any t < s < t+, which contradicts the definition 
of t Q . 

Therefore, by the above procedure, it is possible to extend / to a vicinity of 
any point x £ X providing a local isometry, f% in this vicinity, i.e. there is 
U(x) C X, x G U(x) with 

k ■ U(x)^ X', F o 7r|^ (5) = n'o h\ U{ ~ y 

Note that, at this stage, we do not assume that, for x G X, such a local 
isometry is unique. To show this we start with the following result: 

Lemma 9.8 Let, for a given curve J1[0, 1] connecting x andx, {Bj}? =0 , {Dj}' =l 
be associated chains of balls in the sense of definition 9.7. Denote by f l B , f l D 
the corresponding extensions of f to a vicinity of jl(t) . 

Then, for all t G [0, 1], 

f B = f D on u* B n Uj,. 
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Proof. Let 



t* = sup{t G [0, 1] : f% = f s D , near Jl(s), for < s < t}. 

Clearly, t* > since, for small t' , f l D coincide with /. Let t* < 1 and 
£>*, D* be the balls in the associated chains which correspond to t*. We note 
that, in principle, there may be two balls in every chain which correspond to 
t*, in which case we choose any of them. Denote by f B , f^ the continuations 
of / onto balls B*,D* along the chains {Bi}? =0 , {Dj} q - =Q . Note that there is 
e > such that 

Ji(t*-e, t* +e) C B* n D*. 

Choose any t E (t* — e,t*). Then f* B = j l D in some small ball B(Jl(t),5) C 
B* (1 D*. However, according to our construction of f B , f l D , then 

/bIb^*),*) = /bIb(m(<),<5) = fh\B(il(t),S) = f*o\B(Ji(t),8)- 

As fi* Pi D* is convex, by Proposition 3.62, [51], 

/s|^*ni5* — fD\B*nD*i 

and, in particular, near jj,(t),t* < t < t* +e. As this contradicts the definition 
of t*. Therefore, t* = I. QED 

Note that, as follows from the proof of Lemma 9.8, for ant t G [0, 1] there is 
p(t) > 0, such that, for choice of the chain of balls {-Bj}f =0 , f B can be uniquely 
extended as a Riemannian isometry, satisfying (162), onto the convex ball 
B(n(t), p{t)). Using these results, we can show 

Lemma 9.9 Let F, f and U ^ satisfy the conditions of Theorem 9.3. 
Then, for any x G X, the local isometric extension fa is uniquely defined. 
Let 

F{x) = j~ x {x), xeX. (198) 
Then F : X — >■ X' is a local isometry satisfying (162) and 

F\ V = J. (199) 



105 



Proof Let us first show that f% does not depend upon the choice of a curve 
p connecting x to x. Assume that po(t) and pi(t) are two curves from Xq 
to x and denote by /- and /- the corresponding continuations of / along 
jlo(t) and pi(t) which, by Lemma 9.8, do not depend upon a choice of chains 
associated with these curves. We want to show that there is p = p(x) > so 
that /-, /- have a unique continuation to B(x,p) and 

fs\s(x, P ) = fs\s(x, P )- ( 2 ^0) 

Since X is simply connected, we can deform p to pi as p s (t), < s < 1. 
Observe now that if {Bj(s)} is a chain associated with a curve p s , then it 
is associated also with p a , for a sufficiently close to s. Therefore, for any 
s G [0, 1], there is an (relatively) open interval I s C [0, 1], s G I s such that 
f° = f s , for a G I s . Here we denote by f a the local isometry f% obtained 
by continuation along p a . Using the^connectedness and compactnessjof the 
interval s G [0, 1], we see that f° = f s near x. Moreover, since f° = f s near 
x implies that their unique continuations coincide on e.g. B(x,p), where p 
is independent of s, we obtain (200) proving that f% is defined uniquely. 

Let now F be of form (198). Then using the fact that, for x G X and a 
chain {_Bj}^ =0 from x to x, the same chain is appropriate for y near x, by 
the similar arguments as above we see that 

F — in a vicinity of x. 

This shows that F is a local isometry satisfying (162). 

At last, we use the fact that U is connected so that we can choose £t[0, 1] C U. 
In this case, we can choose Bj C U, j — 0, . . . ,p. Then, j% coincide with / 
for any t G [0, 1]. This proves (199). 

QED 

We complete this subsection by considering the case U — 0. Take x G 
X re \ x' = F(x ) G X' re9 . Take x G (tt)- 1 (x ), x' G (tt') -1 ^^) and let 
r > satisfying (197) be so small that 

7T : B(x , r ) ->■ S(x , r ), 7r' : r ) ->■ B(xo, r ), 

are isometric coverings. Since F is an isometry, we can take 
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to be the desired local isometry with U = B(x , r ). Since, by definition, / 
satisfies (161), by using the constructions of subsections 9.2-9.4, we construct 
F which satisfies (162). 

9.5 Completing proof of Theorem 9.3 

It remans to show that the constructed F : X — > Y is an isometry rather 
than a local isometry. 

Let us first show that F(X) = X', i.e. F is surjective. Since X' is connected 
and, by local isometry, F(X) is open, it is enough to show that F(X) is 
closed. 

Let y' G cl (F(X)) \ F{X) with y' = 7r'(y), y = F~ 1 (y'). Choose r > 

satisfying conditions (165). Let now y' G F(X)(~)B(y', r) and y £ (-^) _1 (yo)- 
Consider y = n(y). Then, since X = X/G, it follows from conditions (165) 
that there is a unique y G X such that 

d(y,y )<r. (201) 

Then 

F(y) = y'. (202) 
Indeed, since F is a local isometry, 

d(F(y),y' )<r, (203) 

where we use that F(y ) = y' Q . Since it' (^(yjj = ir f (y'), (202) follows from 
(201), (203) due to (165). 

Summarising, F : X -^-JX' is a surjective local isometry. Thus, F is a 
Riemannian covering of X'. However, X' is simply connected, therefore, F 
is a Riemannian isometry between X and X' . 

It remains to show that 

G w G'. (204) 

Indeed, for any g G G, let 

g' = Fogo(F)- 1 . 
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Note that g' is an isometry in X' . To show that g' G G we should prove 
7r' o g' — tt'. We have 

tt' o g' = tt' o F o # o (F)" 1 = F O 7T o g o (F)" 1 

= F o 7r o — n' o F o (F)- 1 = tt'. 

In proving the above we have twice made use of equation (162), which is 
already at hand, and also the fact that, since X — X/G, we have 7r o g = n. 

Clearly, 

g[ og' 2 =(Fo gi o (F)- 1 ) o (F o g 2 o (F)" 1 ) = F o 9l o g 2 o (F)" 1 . 

Thus, the map g F o g o (F) _1 is a homomorphism from G to G" with the 
inverse g' — > (F) _1 o g' o F. This proves (204). 

This completes the proof of Theorem 9.3. 

QED 

9.6 General Case 

To complete the proof of the theorem, consider now two, not necessarily 
good, orbifolds X and X' which are isometric with an isometry F. For any 
x G X denote by x' G X' the corresponding point x' = F(x). Choose 
r > sufficiently small so that the balls V = B(x,2r), V = B'(x f ,2r) have 
uniformizing covers 

V = B(0,2r), V' = B'(0',2r), (205) 

where 0, 0' ar just two copies of 0. Consider the balls U = B(x,r), U' = 
B'(x',r). We can treat U, U' as two good orbifolds, 

U = B{0,2r)/G, U' = B'(0',r)/G', G — G(x), G — G(x'). 

Then F\j := F\u is an isometry between them U and U' . We intend to apply 
Theorem 9.3 to this case. However, since U, U' are not complete we should 
make the necessary modifications. 

Namely, the existence of a uniform i should be substituted by io(dd), where 
dg is the distance to dll, dU' . This function io(dg) is strictly positive inside 
U, U' . Using io(dg) we correspondingly modify equation (165). 
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With this modification is it possible to carry out all the considerations of 
Theorem 9.3 for U, U', so that F v can be lifted to an isometry 

F v -U ->U', F v o vr = tt' o Fu, 

with 

(Fu). :G^G', (FuUg) = Fuogo (Fu)- 1 , 

being an isomorphism between G = G(x) and G' = G(x'). 

As this is true for any x £ X, this completes the proof of the second part of 
Theorem 1.7. 

QED 

Finally we give a proof of Corollary 1.10. 

Proof of Corollary 1.10 Suppse that the corollary does not hold. Then we 
would have sequences (M i: p i: fi Mi ) and (M[ , p\, /jl m ^) in 3Jt9Jl p nO}t n _i (n, A, D; c ) 
satisfying 

dpmGHdMi^i, fi M .), (M'^p'i, fi M i)) < 1/i 

which, however, do not satisfy the conclusion of the corollary. Then, by 
the precompactness of 97t9Jt p , passing to subsequences we may ssume that 
(Mi, pi, /iMi) and (M[,p' i , Hm[) converge to (X,p,/i) and (X f ,p f ,/i') respec- 
tively with respect to the pointed measured GH-distance. Since 

d pmGH ((X,p,fM),(X',p,fi')) = 0, 

from Lemma 2.11 we have an isometry $ : (X,p) — > (X',p') such that 
$*(//) = [/,'. By Lemma 1.9, X has dimension > n — 1. If dimX — n, X 
and X' are manifold, and Mj and M[ are diffeomorhic to each other for large 
%. Suppose dimX = n — 1. By Corollaries 2.4, 2.7, X and X' are orbifolds 
and Mi and M[ are Seifert ^-bundle over X and X' respectively. This is a 
contradiction. 

QED 

10 Appendix A: Collapsing manifolds in physics 

In the modern quantum field theory, in particular in the string theory one 
often models the Universe as a high-dimensional, almost collapsed manifold. 
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This type of considerations started from the Kaluza-Klein theory in 1921 in 
which the 5-dimensional Einstein equations are considered on R 4 x S^e), 
that is, on the cartesian product of the standard 4-dimensional space-time 
with the Minkowski metric and a circle of radius e. As e — > 0, the 5- 

dimensional Einstein equation yields to a model containing both the Einstein 
equation and Maxwell's equations. In this appendix shortly review this and 
discuss its relation to the considerations presented in the main text of this 
paper. 

In the Kaluza-Klein theory one starts with a 5-dimensional manifold N = 
R 4 x S 1 with the metric g = Tjjk, j, k = 0, 1, 2, 3, 4 which is a Lorentzian metric 
of the type (— , +, +, +, +). The "hat" marks the fact that g is defined on a 
five dimensional manifold. We use on N the coordinates x = y 1 ^ 2 , y 3 , 9), 
where 9 is consider as a variable having values on [0,27r]. Let us start with 
a background metric (or the non-perturbed metric) 

% k (x)dx j dx k = rj^(y, 9)dy u dy» + e 2 d9 2 , 

where e > a small constant and u, a, are summing indexes having values 
v, H,a, P G {0,1,2,3} . Here, we consider the case when [77^ (y, ^)]^ i(ti= o — 
diag (—1,1,1,1). Next we consider perturbations of the background metric 
~g that we write in the form 

g ]k {x)dx 3 dx k = e- a/3 (e a (d9 + kA^) 2 + g Ufl dy u dy^, 

where k > is a constant, a = a(y, 9) is a function close to the constant 
c(e) := 31oge, e > the 1-form A = A fl (y,9)dy^ is small and g Uf i(y,9) is 
close to e c{ - y ^' z r] vll {y,9). 

Assume next that satisfies the 5-dimensional Einstein equations 

Ric jk {g) - ^(^Ric M (?)) g jk = in R 4 x S* 1 

and write g = g^y, 9), A = A^ u (y, 9) and a = a^y, 9) in terms of Fourier 
series, 

00 00 00 

9**= E 9;i(y)e tmd , a,= A ™(yy m6 > *= E * m (yy me - 

m=— 00 m=— 00 m=~ oo 

Here, the functions A™(y) and cr m (y) correspond to some physical fields. 
When e is small, the manifold iV is almost collapsed in the S 1 direction and 
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all these functions with m 7^ corresponds to physical fields (or particles) 
of a very high energy which do not appear in physical observations with a 
realistic energy. Thus one considers only the terms m = and after suitable 
approximations (see [54] and [65, App. E]) one observes that the matrix 
9%(y)i considered as a Lorentzian metric on M = M 4 , the 1-form A°(y) = 
A° fl (y)dy fl , and the scalar function <fi(y) = -^<j°(y) satisfy 

Rkv(<?°) - l((g°ymic pq (g )) g% = T, v in IR 4 , (206) 
T, v = K 2 e^t>({g^F av F^ - ^TV) 7 ' 'F aj F, 5 g%) (207) 

+v M v,0 - \{{g°) af) v a 4> v P 4>)g^ 

d(*F) = in R 4 , (208) 
n g o<j> = ^K 2 e^(g°)^F au F^ in M 4 , (209) 

where T is called the stress energy tensor, * is the Hodge operator with re- 
spect to the metric g®„{y), = denotes the partial derivative, D 9 o is 
the Laplacian with respect to the Lorentzian metric g® u (y) (i.e. the wave op- 
erator), and Ffj, v {y) is the exterior derivative of the 1-form A°(y) = A ( j 1 (y)dy fl , 
F = dA°. Physically, if we write F = E(y) A dy° + B(y), then E corresponds 
to electric field and B the magnetic flux (see [22]). 

Above (208) for F = dA° are the 4-dimensional formulation Maxwell's equa- 
tions, (209) is a scalar wave equation corresponding a mass-less scalar field 
that interacts with the A field, (206)-(207) are the 4-dimensional Einstein 
equations in a curved space-time with stress-energy tensor T, which corre- 
sponds to the stress-energy of the electromagnetic field F and scalar field (f). 
Thus Kaluza-Klein theory unified the 4-dimensional Einstein equation and 
Maxwell's equations. However, as the scalar wave equation did not corre- 
spond to particles observed in physical experiments the theory was forgotten 
for a long time due to the dawn of quantum mechanics. Later, on 1960- 
1980's it was re-invented in the creation of string theories when the manifold 
S 1 was replaced by a higher dimensional manifolds, see [3]. However, the 
Kaluza-Klein theory is still considered as an interesting simple model close 
to string theory suitable for testing ideas. 

To consider the relation of the Kaluza-Klein model to the main text in the 
paper, let us consider 5-dimensional Einstein equations with some matter 
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model on manifolds N £ = R x M £ , e > where ({t} x M £ ,g £ (-,t)), t G R are 
compact 4-dimensional Riemannian manifolds. Let g £ = — dt 2 +~g £ (-, t) be the 
background metric on N £ and assume that the metric g £ (-,t) is independent 
of the variable t. Moreover, assume that we can make do small perturbations 
to the matter fields in the domain R + x M £ that cause the metric to become 
a small perturbation g £ (-, t; h) = —dt 2 + g £ (-,t; h) of the metric g £ (-, t), where 
h > is a small parameter related to the amplitude of the perturbation. 

By representing tensors g £ (t,x;h) for all h at appropriate coordinates (the 
so called wave gauge coordinates), one obtains that the tensor g(t,x) = 
dhg £ (t,x;h)\h=o satisfies the linearized Einstein equations, that is, a wave 
equation 

Ug jk (t, x) + bf k q (t, x)V{g m {t, x) + c$(t, x)g pq (t, x) = f jk (t, x) on M £ x R, 
9pq(t, x) = for t < t- for some t- G R, (210) 

see [18, Ch. 6], where □ = is the wave operator, V = V 5 is the covariant 
derivative with respect to the metric g, and T is a source term corresponding 
to the perturbation of the stress-energy tensor. We mention that in realistic 
physical models T should satisfy a conservation law but we do not discuss 
this issue here. 

Let us now consider scalar equation analogous to (210) for a real value func- 
tion U e (t,x) on R x M £ , 

UU e (t, x) + B v e (x)V v U £ {t, x) + C £ (x)U £ (t, x) = F £ (t, x) on R x M £ , 
U £ {t,x)=0 fort<0. 

We will apply to the solution U £ (t,x) the wave-to- heat transformation 

(77)(t) = ^ / e-^+^f(t')dt'di 

in the time variable and denote u £ (t, x) := (TU £ )(t,x) and f £ (t,x) := (TF £ )(t,x). 
Then u £ satisfies the heat equation 

(^ - Ag e + B v e {x)V v + C £ (x))u(t, x) = f £ (t, x) on M £ x R + , 

U £ \t=Q = 0, 
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where is the 3-dimensional Laplace-Beltrami operator on (M £ ,~g £ ). Then, 
if we can control the source term F £ and measure the field U £ for the wave 
equation (with a measurement error) we can also produce many sources f £ for 
the heat equation and compute the corresponding fields u £ . In this paper we 
have assumed that we are given the values of the heat kernel, corresponding 
to measurements with point sources, at the 5-dense points in the subset 
(5, x M £ of the space time with some error. Due to the above relation 
of the heat equation to the wave equation and the hyperbolic nature of the 
linearized Einstein equation, the inverse problem for the point heat data 
can be considered as a (very much) simplified version of the question if the 
observations of the small perturbations of physical fields in the subset MxO 
of an almost stationary, almost collapsed universe R x M £ can be used to 
find the metric of R x M £ in a stable way. As M £ can be considered as a 
^-fiberbundle tt : M £ ->■ M on a 3-manifold Mo, it is interesting to ask 
if the measurements at the 5-dense subset, where 5 is much larger than e, 
can be used to determine e.g. the relative volume of the almost collapsed 
fibers 7r _1 (y), y G M . Physically, this means the question if the macroscopic 
measurements be used to find information on the possible changes of the 
parameters of the almost collapsed structures of the universe in the space- 
time. We emphasize that in the questions discussed in this appendix are not 
related to the practical testing of string theory, but more to the philosophical 
question, can the properties of the almost collapsed structures in principle 
be observed using macroscopic observations, or not. In terms of Example 1 
in Introduction of this paper, the above questions are close to the following 
question: 

A generalization of Example 1. Assume that we have a manifold M = 

N x S. Denote points x G M by x = (y, z), y G N, z G S. Assume that 
h a is a family of metric tensors, depending on parameter a > 0, of the form 
Gj k (y)dy j dy k + a 2 p im (y, z)dz l dz m , where a > is small (in physical applica- 
tions, a could correspond to the Planck constant). When we make measure- 
ments with accuracy 5 » a at a 5-dense set of measurement points, we can 
try to approximately find the metric Gjk(y) and some functions associated 
with Pi m (y,z) (e.g. the dependence of the volume of (S,pi m (y, z)dz l dz m ) on 
y). Roughly speaking, these questions are: 

(A) Can we do macroscopic reconstructions when directly unobservable 5- 
structure is included in the physical model? 
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(B) Can we find parameters of ^-structure via macroscopic measurements? 



11 Appendix B: Remark on the smoothness in 
Calabi-Hartman [12] and Montgomery- Zippin 
[47] 

Let N be either the manifold M or GxM, where G is a Lie group of isometries 
acting on M. We consider Zygmund classes C*(N), s > 0. To define these 
spaces, we cover N by a finite number of coordinate charts, (U a , <& a ) with, 
e.g. ®a(U a ) = Qzr, where Q r is a cube with a side 2r and assume that 

\J(^a 1 (Qr))=N. 
a=l 

Then the definition of the norm in C%(N) is analogous to the definition of 
these spaces in Euclidean space, cf. Sec. 2.7 [64]. 

Let s G Z + , s G (0, 1] satisfy s = s + s. We say that f : N ->■ R is in C°(N), 
if for some 5 < r, 



Ci(N) = \\J\\C(N) 



SUP SUP ^2 TTTJ \(&VPf*)(x) 
r.PO^ \h\^A .TT - ^ \n\ 



xeQr \h\<8 ,„. <t 



< oo, (211) 



where f a = (<f>j •/)o$ a 1 andifij G C™{U a ) are functions for which^2, J a=l (j) a (x) ■ 
1. Here 

(A 2 J a )(x) = f a (x + h) + f a (x -h)- 2f a (x). 

If condition (211) is satisfied, its rhs defines the norm of f in C*(N). We 
will also consider maps F : N — >■ M and denote that F G C^(N; M) if the 
coordinate representation of F in the local coordinates are C^-smooth. 

Note that even though the norm (211) depends on the used local coordinates, 
the smooth partition of unity <f> a , and on S, the resulting norms are equivalent. 
Also, when s £ Z + , C*(N) coincides with the Holder spaces C S ' S (N). 

By [64, Th. 2.7.2(2)], the norm involving only terms with the finite differ- 
ences along the coordinate axis x^ of the partial derivatives along the same 
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coordinate axis, namely 

ii/iiSHi/Hcw+E 

a=l 

is equivalent to (211). Here 

(A 2 pJ h)(x) = h(x + pej) + h(x - pe,) - 2h(x). 

Let (N\h l ), i — 1,2 be Riemannian manifolds and let B l C N l be metric 
balls on these manifolds. We will use estimates presented in [12] for map 
F : M 1 — > M 2 which restriction to ball B\ defines an isometry F : (B 1 , h l ) — > 
(B 2 ,h 2 ). We note that the constants in these estimates depend only on 
the norms of h l , i = 1,2, in the appropriate function classes CI in some 
larger balls containing B l and the radii of these balls. Thus, when dealing 
with the case when a Lie group G has isometric actions on manifold M and 
F = F g : M — > M is the action of the group element g G G, then in the case 
when M and G are compact, we obtain uniform estimates by covering the 
manifold and the Lie group with finite number of balls. In the case when M 
is compact but G is not, we observe that the estimates on finite collection of 
balls covering M and one ball B C G for which \J geG (gB) = G yield uniform 
estimates on the space G x M. 

Let (M,h) be a compact Riemannian manifold with a metric h G C^(M), 
s > 1, that is in suitable local coordinates the elements hjk{x) of the metric 
tensor h are in C^(M). Let G be a Lie group of transformations acting on M 
as isometries, i.e. for any g G G the action of g, denoted F g : M — > M is an 
isometry. Let us denote F : G x M — > M; F(g,x) = F g (x). Next we will 
use local coordinates (x J )" =1 = (x 1 , . . . , x n ) of M and (g a ) p a=1 = (g 1 , . . . , g p ) 
of G. Below, we will use latin indexes i, k, I for coordinates on M and greek 
indexes a, /3, 7 on coordinates on G. Thus e.g. for a function / : G x M — >• M 
we often denote d a f(g,x) = -§^(g,x) and djf(g,x) = ^j(g,x). 

Let us next assume that h G C*(M), s > 1. Our aim is to prove that then 
F : G x M ->■ Mis in Q(G x M;M), that is, in local coordinates the 
components F m (g,x) of F(g,x) are in C*(G x M). Let us start from the 
case when 1 < s < 2. Let g 6 G be fixed for a while and denote F = F g . 
Then we see from Th.(*)(ii) that F G C 2 (M; M). Using local coordinates of 
M in sufficiently small balls B x and B 2 satisfying F(Bi) — > B 2 , we have by 
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[12, formula (5.2)], 



dF 



dF p dF q d 2 F m 



dx i dxi &rW 



(213) 



where T^' p (x) and T^' p (x) are the Christoffel symbols of the metric h in 



B\ and B2, correspondingly. As h G C 3 and F G C , we see easily that all 
terms in the left side of formula (213) except maybe the term T p 2 q' m (F(x)) 



are in CI . Next we consider this term and will show that as V 
and F G C 1 , then their composition satisfies 

r<f ofecr 1 ^). 

To show this, observe that since F G C 2 , we have 



(2),m 



s-1 



x + y\ 1 . . 1 „. . 

~~ ) _ 2 _ 2 



Let (s - l)/2 < t < s - I. Then vfq ,m G C*^) and for x,y e B ± we have 
x + y 



< C\x-y\ 



g a 



(214) 



(215) 



F(2), 



_ p(2),m 
P<7 



< c|x — y| < c'|rr — y 



s-1 



Moreover, we see that 



^> m (F(x)) + V^{F{y)) - 2T^ m ( F 



pq 



pq 



,x + y. 



< 



^ m (F(x)) + T^ m (F(y)) - 2T$>™ Qf(z) + \ F {y) 
< c\F(x) - Fiy)] 3 - 1 + c\x - yl 3 - 1 < C\x - y 



+ c'\x — y\ 



s-1 



s-1 



which proves inequality (214). 

By [37], the space C* _1 (M) with s > 1 is an algebra, that is, the pointwise 
multiplication satisfies Cl~\M) ■ C£ _1 (M) C C 3 -\M). Thus it follows from 
(213) that £g G C^iBi). This shows that F g G Q +1 (M; M) for g G G. 

Differentiating further (213) with respect to variables x J and repeating the 
above considerations, we see that if h G C 3 (M) with s G (3,4] then F g G 
Cl +l (M ) M). Iterating this construction, we obtain 
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Lemma 11.1 Let (M,h), h G C*(M), s > 1 fre a compact Riemannian 
manifold. Let G be a Lie group of transformations acting on M as isometries, 
i.e., for any g G G, the corresponding action on M, F g : M — > M is an 
isometry. Then, for each g G G the map F g is in C* +1 (M; M), and the norm 
of F g in C* +1 (M; M) is uniformly bounded with respect to g G G. 

We turn now to [47]. The corresponding result in [47] which we need is as 
follows (see Th. on p. 212, sec. 5.2, [47]): 

Theorem 11.2 (Montg ornery- Zippin) Let M be a differentiable manifold of 
class C k (M), k G Z+. Let G be a Lie group of transformations acting on M 
so that, Fg(-) G C k (M), uniformly in g G G. Then, in the local real-analytic 
coordinates in G and the C k smooth coordinates of M , we have 

F(g,x) :=F g (x)eC k (GxM). 

Note that as G is a Lie group it has an analytic structure. 
Our goal is to extend Theorem 11.2 to spaces C*. 

Proposition 11.3 (Generalization of Montgomery- Zippin theorem) 

Let s > 1 and (M, h) be a compact Riemannian manifold with the C^-smooth 
coordinates. Let G be a Lie group of transformations acting on M , i.e. for 
any g G G, F g : M — >■ M is a diffeomorphism Define F : (G x M) — >■ 
M; F(g,x) = F g (x). Assume that F g G C^(M; M) , uniformly in g G G. 
Then, in the local real-analytic coordinates in G and the CI smooth coordi- 
nates of M , 

F G Ct{G x M; M). 

Proof. Let 1 < s' < s" < s. Let us next show that the map 

F:G^C:'(M;M), g ^ F g (-) (216) 

is continuous. Essentially, this follows from the facts that s' < s, our assump- 
tion that F g G Cl(M] M), uniformly in g G G, and that F(g,x) is uniformly 
continuous with respect to (g,x) G G x M. However, let us show this in 
detail. Let us first consider the case when 1 < s < 2 and a scalar, uniformly 
continuous function / :GxM->R. Denoting f g (x) = f(g, x), and assuming 
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that g i — y fg is continuous map G — > Cf(M), we have for h, p £ 
\P\ < 1 



dx i 



dx i 



\h\ < 1, 



(217) 



/✓)(*) 



where C(s") is uniform with respect to g,g' G G. 
On the other hand, 



1 



+ 



difg-fy) 
dx l 



<C(s")\h\< 



(218) 



Thus, for any e > 0, we can find ho > such that the left hand side of 
(218) is less than e/2 for \h\ < h . Moreover, we can find p > such 
that the right hand side of (217) is less than e/2 for \p\ < p . As / : 
G x M — > R is continuous and, therefore, uniformly continuous, any g G G 
has a neighborhood K(flO in G, such that for g' G V e (g) and rr G M 

\(f 9 -f 9 ')(x)\ < \p^h(. 
Combining the above considerations we see that if g' G V £ (g), then 

Wfg ~ fg' Wci'(M) < £ - 

Applying the above for the coordinate representation of F : G x M — > M, 
we obtain (216) in the case when 1 < s' < s < 2. Analyzing the higher 
derivatives similarly, we obtain (216) for all s > s' > 1. 

Next let g a , a — 1,2, ... ,p be real-analytic coordinates on G near the iden- 
tity element id for which the coordinates of the identity element are = 
(0, 0, . . . , 0). Let e a = d ga \ g=id , and te a , i G 1 denote the elements of the 
one-parameter subgroup in G generated by e a . Let x\ j = l,2,...,n be 
the local coordinates in an open set B C M and x G B. Near (id, Xq), 
we represent F in these coordinates as F(g,x) = (F m (g, x))J^ =1 . As noted 
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before, we will next use latin indexes i, k, I for coordinates on M and greek 
indexes a, (3, 7 on coordinates on G. In particular, we will use this to indicate 
derivatives with respect to g a and xK 

Consider now the identity given in [47, Lemma A a), p. 209], 

F m (pe a ,x) -F m (0,x) = J2 djF m (tpe a ,x)d?j d a F^(0,x), (219) 

where p > is small enough, and as noted before, 

djF m (g,x) = (g,x) and d a F 3 (g,x) = —(g,x). 

Since 

d j F m (0,x) = 5™, xeM, 

it follows from the uniform continuity of V x F(g, x) with respect to (g, x) that 
the matrix 



1 

djF m (tpe a , x) dt 



(220) 

j,m=l 



is invertible for sufficiently small p (note that p > can be chosen uniformly 
with respect to x E M). Denoting the inverse matrix (220) by (f)J L (pe a , x), 
we obtain from (219) the identity 

d a F m (0,x) = <t>™{pe a ,x) [Fi{pe a ,x) - F*(0,x)] , (221) 

when p > is sufficiently small. In the following, we can choose p > so 
that (221) is valid for all < p < po and x G M. Using our assumption 
that F g e C*(M;M), uniformly in g G G, we see that the matrix (220) is 
in C| _1 (M) and thus its inverse matrix satisfies 0™(poe«, •) G C*~ 1 (M). As 
F g G Cl(M] M) uniformly with respect to g G G, formula (221) implies that 

d a F m (0,x)eC:-\M). (222) 

Our next goal is to show that 

d a F m (g,x) = dFm d { g g J X) eC:-\G), 
119 



uniformly with respect to x G M. To this end, let g G G and x G M be fixed, 
and consider an element g G G which varies in a neighborhood of g^ 1 . Let us 
consider function g(g) :— goQ 1 , 9 '■ G — >■ G and y(g) = F g (x), y : G — > M. 
The group G has real-analytic local coordinates {g a ) p a=l = (g 1 , . . . ,g p ) near 
g , and as the group operation (g',g") g' ■ (g")^ 1 is real-analytic, also the 
local coordinates of g(g), denoted ^(g 1 , ■ ■ ■ , g p ) are real analytic. Then, 

F(g(g),y(g)) = F(g a g- 1 ,F g (x)) = F(g g- 1 g,x) = F(g ,x). 

Thus, F(g(g),y(g)) is independent of g, we obtain using the chain rule 

= ^(F(g(g),y(9))) (223) 

Let us next use that fact that for all z G M we have djF m (g, z)\ g=i d = 5™. 
As derivatives of the map (g, z) h-> djF m (g, z) is continuous, the matrix 
(djF m (g, z)) f - m=1 is invertible for (g, z) near (id, z). Let us denote this inverse 
matrix by by <3>™(g,,2). Composing this function with g(g) and y(g) we see 
that the matrix (djF m (g(g),y(g)))™ m=1 has an inverse ^j l (g(g),y(g)) when 
g is sufficiently near to g . Then we obtain from (223) 

d a F k (g,x) = d^ig.x) (224) 
= -*?(g(g), F(g, x)) ■ dpF k (g(g), F(g, x)) ■ d a g\g). 

Let us now evaluate (224) at g — g . As $™(g(g ),F(go,x)) = 8™, and in 
the local coordinates of G we have g(go) = 0, we obtain 

d a F m (g ,x) = -dpF m (0,F(g o ,x)) ■ d a g^(g ). (225) 

Note that above go and x were arbitrary, even though we considered those as 
fixed parameters. Next we change our point of view and will consider those 
as variables. For this end, we use variable g G G instead of g so that (225) 
reads as 

d a F m (g,x) = -dpF m (0,F(g,x)) ■ d a g?(g). (226) 

Here g h-> dag^{g) is real-analytic and by formula (222), the map z >->■ 
dpF m (0,z) is in Cf^M). 
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Let us next show that 



dpF m (0,F(g,x)) G Cl~\G x M). (227) 

When this is shown, the fact that d^g^i^g) is real-analytic and the equation 
(226) imply that d a F m (g,x) G C S ~\G x M). 

To show (227), we start by considering the case when 1 < s < 2. Then, 
using (222) and that fact that F G C 1 (G x M) by Theorem 11.2, we obtain 
in local coordinates 

|^F m (0, F(g + h, x)) - dpF m (0, F(g, x))\ (228) 
< C\F(g + h,x)- F(g, x)]^ 1 < C'\h\ s -\ 

where C, C > are uniform with respect to (g,x) G G x M. Hence (227) 
is valid, i.e., d a F m (g,x) G Cl~\G x M). Combining this with (226) we see 
that for any x G M the function g \— > d a F m (g, x) is in C^T 1 {G) and its norm 
in Cl~ l (G) is bounded by a constant which is independent of x G M. By 
assumption, functions x \— > djF m (g,x) are in C*~ 1 (M), uniformly in g G G. 
Thus, by (212), i.e., [64, Thm. 2.7.2(2)], the map F : G x M -> M is 
C*-smooth with respect to both g and x, that is, 

F(g,x)eCt(GxM). (229) 

Next, let us consider the case when s = 2. To apply (212), we need to 
estimate 

T* = d p F k (0,F(g,x)) 
and in particular its finite difference 

A 2 h (7*) = ^F fc (0, F(» + fc, x)) + d?F k (0, F(g - x)) - 2^F fc (0, F(^, x)). 
Using (229) we observe that for h = (h a ) p a=1 

\F k (g + h,x)- F k (g, x) - d a F k (g, x) ■ h a \ < C s \h\ s ' , for any s' < 2. 
On the other hand, by (229), we have 

dpF k (0, F(g, x)) G C t (G x M), for any t < 1. 
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Let us combine these two observations in the case when s' = 3/2 and t = 2/3. 
Then 

A 2 h {T k ) = dpF k {0,F(g,x) + (d a F k )(g,x)h a + O(\h\ s ')) (230) 
+dpF k (0, F(g, x) - (d a F k )(g, x) h a + 0(\h\ s ')) 
-2d F k (O,F(g,x)) 

= om\ s 'Y) = o(\h\)- 

Applying (222) with s = 2 to estimate the finite differences of To in the x^ 
directions and (230) to estimate the finite differences of Tg in the g a directions 
in the formula (212) for the Zygmund norm, we obtain T k = dpF k (g,x) G 
Cl(G x M). Moreover, by our assumption, functions x >->■ djF m (g,x) are 
in Cl(M), uniformly in g G G. Thus, by applying again (212), we see that 
F(g,x)eC*(GxM). 

Next we consider the case when 2 < s < 3. By differentiating formula (226) 
with respect to g 13 , we obtain 

d a dpF k (g,x) = -^^F k (0,F(g,x))d a g^g)^ (231) 
= (0,0^(0, F(g, x)) dpF j (g, x) d a g\g) 
+d 7 F k (0,F(g,x))^(g). 

We see easily that all terms in the right hand side of equation (231), except 
maybe the term d 1 d j F k (0, F(g, x)), are in C\{G x M). To analyze this 
term, we observe that by (222) we have d 1 d j F k (0,y) G C£ _2 (M). Thus 
considerations similar to those leading to the inequality (227) show that 

a 7 a/(o,%x))ecr 2 (GxM). 

Hence by (231), 

d a dpF k (g,x)eCr 2 (G), (232) 

uniformly with respect to x G M. By assumption F g (-) G C*(M), uniformly 
in g G G, so that 

d i d j F\g,x)eCr\M), (233) 
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uniformly with respect to g G G. 

Apply the inequality (212), with (232) and (233) we see that F G C*(G x M). 
Iterating the above procedure we obtain (227) for all s > 1. QED 

Combining Lemma 11.1 and Proposition 11.3 we obtain 

Corollary 11.4 Let M be a compact, C^ +1 -smooth differentiable manifold, 
s > 1 and h G C*(M) fre a Riemannian metric on M. Let G be a group 
acting on (M, g) for which the actions of the elements g G G, F g : M — >■ M 
are isometries. Then F(g,x) G C* +1 (G x M). 



12 Appendix C: Operator-theoretical approach 
to operator Ax- 

In this section we redefine the operator Ax extending on Fukaya's [24, Sec. 
7]. Recall, see Theorem 2.3 (2), that if (X,px) = lirn m (3#( Mj, fa), then 

(X,p x ) = vr(F) := (Y,p Y )/0(n), (Y, p Y ) = Urn v (TM t) /.*), (234) 

mGii 

where /i* is the natural Riemannian probability measure on TM-i inherited 
from (Mj, hi) and ir : F — > X is a Riemannian submersion. Recall also that, 

ZiyGC^F), p Y ,p Y l eC 2 (Y), (235) 

and /ix, Px are related to p Y , Py through (40), (41). since 0(n) acts as a 
subroup of isometries on F, by Corollary 11.4, 

F : 0(n) x F ^ F, F (o,y) = o(y), o G 0(n), yeY, 

F G C, 3 (0(n) x F). (236) 

Denote by Lq(Y, py) the subspace of L 2 (Y) of O(n) -invariant functions and 
by L 2 ± (Y) its orthogonal complement, 

L 2 (Y,p Y )=L 2 (Y)®Ll(Y). 

Then L 2 (Y), L\(Y) are invariant subspaces of the operator Ay, where, by 
(235), V(A Y ) = W 2 ' 2 (Y). Indeed, if u* G W% 2 (Y), then A Y «* G L^(F) 
and, if m* G PF 2 ' 2 (F) n ^i(F), then A Y u* G ^(F). 
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It follows from Lemma 4.1 that L 2 {Y), L 2 ± (Y) are invariant subspaces of Ay 
so that 

A y = A ©A ± , (237) 



where Aq, Aj_ are the parts of Ay in Lq(Y), L\{Y), correspondingly. In 

\°, 0?} and {\f, <j>f ~ 



the future, we denote by {A^, 0^} and {A+ <pf} the eigenpairs of A G , Aj_, 



corr esp ondingly. 
Next we use the fact that, due to (40), 

7T* : L 2 (Y,fi Y ) ^L 2 (X,fi x ) (238) 

is an isometry. Thus, we can define a self-adjoint operator A in L 2 (X) by 

AU = 7T* o Ay O 7l*U, (239) 

V(A) = 7T* iV(A )) = 7T, {W 2 S 2 (Y)) . 
On the other hand, modifying [24, Sec. 7] , we define the Dirichlet form 

ao[u*]= / \du*(y)\l Y dfi Y = / \du*(y)\ 2 dfi Y , 

JY JTT- 1 (X re 3) 



V(a o ) = C 6 \Y), 



where we use the fact that du* G L°°(Y) if u* G C°'\Y) and ^y(7r _1 (X res )) = 
1. Using the Kato's theory of quadratic forms, [43], ao is closable with 
(oo) = W^o' 2 ^) an d the associated self-adjoint operator is A . Observe 
that 

7T* : Cg 1 ^) ->• C ' 1 ^) (240) 
is an isometry. To see this just recall that 

d x (x,x') = d Y {n~ l {x), 7r -1 (x')), d x (x,x') = d Y (y,y'), (241) 
for some y G n^ 1 (x), y' G 7T _1 (a; / ). Let, for u G C 0,1 (X), 

axM = / \du\ 2 hx dfi X = / |d(7r*w) |£ y d// y 

JX re 9 J ■K- 1 (X re 9) 

= J \d (ir*u) \l Y d/i Y = a [n*u], 
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where the middle inequality follows from (235), see also Lemma 7.1 of [24]. 
Then a x is closable with 

V(a^) = ^(W 1 ' 2 (Y)nL 2 (Y). 

This defines an associated self-adjoint operator, A' in L 2 (X). Using the dis- 
tribution duality, we can see that, in local coordinates on X reg , this operator 
is given by 

A'u(x) = --^J——di (VhxtiZpxdjufaf) . 

This implies that V(A') C W 2,2 (X re9 , fi x ) and it is natural to use the nota- 
tion A x for A'. 

Moreover, since the operator, associated with ao, is Aq, the operator Ax is 
unitary equivalent to Ao with equation (239) being valid for Ax, so that 

A' = Ax = 7T* O Ay O 7T*U = A, (242) 

V(A X ) = 7T* {W 2 ' 2 (Y)) C W 2 > 2 (X re °). 

In particular, 

spec(Ax) = spec(A ) C spec(Ay), 
which, due to the estimate |-R(V)| 

Lambdap, diam(F) < D, provides another proof of Proposition 5.2 for (X,p, /j, x ) e 
DJiWl p (n, A,D). Using again (242), we see that 

<l>j = K*(<i>?), (243) 
are the orthonormal eigenfunctions on X corresponding to Xj = \° . 

Remark 12.1 Note that, if Mj — > {p}, i.e. collapse to a point, then 0(n) 
acts transitively on the corresponding Y. Thus, L 2 (Y) is 1-dimensional and 
consists only of constant functions. Therefore, spec(A ) = 0. Similarly, Ax 
is the operator of multiplication by in the space of L 2 -functions on {p}, i.e. 
constants. The results of [24] remain valid for this case also. 
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